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Abstract 

In this article we prove the Arnold-Givental conjecture for a class 
of Lagrangian submanifolds in Marsden-Weinstein quotients which are 
fixpoint sets of some antisymplectic involution. For these Lagrangians 
the Floer homology cannot in general be defined by standard means due 
to the bubbling phenomenon. To overcome this difficulty we consider 
moment Floer homology whose boundary operator is defined by counting 
solutions of the symplectic vortex equations on the strip which have better 
compactness properties than the original Floer equations. 
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1 Introduction 



Assume that (Af , lu) is a 2n-dimcnsional compact symplcctic manifold, L C Af is 
a compact Lagrangian submanifold of M, and R G Diff (il/) is an antisymplcctic 
involution, i.e. 

R*uj = -uj, = id 
whose fixpoint set is the Lagrangian 

L = Fix(i?). 

The Arnold-Givental conjecture gives a lower bound on the number of inter- 
section points of L with a Hamiltonian isotopic Lagrangian submanifold which 
intersects L transversally in terms of the Betti numbers of L, more precisely 

Conjecture (Arnold-Givental) For t € [0,1] let Ht S C°°{M) be a smooth 
family of Hamiltonian function of M and denote by (j)H the one-time map of 
the flow of the Hamiltonian vector field Xh^ of Ht- Assume that L and (jjniL) 
intersect transversally. Then the number of intersection points of L and (pniL) 
can he estimated from below by the sum of the I2 Betti numbers of L, i.e. 

n 

#(Ln0H(i))>^6fe(L;Z2). 

k=Q 

Using the fact that the diagonal A is a Lagrangian submanifold of ( M x M, cu © 
— w) which equals the fixpoint set of the antisymplcctic involution oi M x M 
given by interchanging the two factors, the Arnold conjecture with Z2 coeffi- 
cients for arbitrary compact symplcctic manifolds is a Corollary of the Arnold- 
Givental conjecture. 

Corollary (Arnold conjecture) Assume that for t G [0, 1] there is a smooth 
family Ht S C°°{M) of Hamiltonian functions such that 1 is not an eigenvalue 
of d4>H{x) for each fixpoint X of (pn, then the number of fixpoints of (pn can be 
estimated from below by the sum of the Z2 Betti numbers of M , i.e. 

2n 
k=0 

Up to now, the Arnold-Givental conjecture could only be proven under some ad- 
ditional assumptions. Givental proved it in |Gij for (CP", RP"), Oh proved it in 
|Oh3| for real forms of compact Hermitian spaces with suitable conditions on the 
Maslov indices, Lazzarini proved it in |Laj in the negative monotone case under 
suitable assumptions on the minimal Maslov number, and Fukaya, Oh, Ohta, 
Ono proved it in |FOOO| for semipositive Lagrangian submanifolds. In my 
thesis, see |Fr2| . I introduced moment Floer homology and proved the Arnold- 
Givental conjecture for a class of Lagrangians in Marsden-Weinstein quotients 
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which satisfy some monotonicity condition. In this paper, this monotonicity 
condition will be removed. 

1.1 Outline of the paper 

In section 121 wc give a heuristic argument why the Arnold-Givcntal conjecture 
should hold. This argument is based on Floer theory. We will ignore questions of 
bubbling and of transversality. The main point is that due to the antisymplectic 
involution some contribution to the boundary operator should cancel. 

To describe the cancelation process one has to choose the almost complex 
structure in a non-generic way. For such a choice of almost complex structure 
one cannot in general expect to achieve transversality. To overcome this problem 
we consider in section 13 abstract perturbations as in [FU^ and prove some 
transversality result specific for problems of Arnold-Givcntal type. We will 
need that later to compute moment Floer homology. In my thesis, see |Fr2| . 
this technique was not available to me and hence I could only compute moment 
Floer homology under some monotonicity assumption. 

In section 0] we introduce moment Floer homology. The chain complex of 
moment Floer homology is generated by the intersection points of some La- 
grangian submanifold of a Marsden-Weinstein quotient which is the fixpoint 
set of an antisymplectic involution with its image under a generic Hamiltonian 
isotopy. The boundary operator is defined by counting solutions of the sym- 
plectic vortex equations on the strip. These equations contain an equivariant 
version of Floer's equation and a condition which relates the curvature to the 
moment map. We prove under some topological restrictions on the envelopping 
manifold a compactness theorem which allows us to prove that the boundary 
operator is well-defined. To compute the moment Floer homology we set the 
Hamiltonian equal to zero. This is the infinite dimensional analogon of a Morse- 
Bott situation. Combining the techniques developed in section 13 together with 
the approach to Morse-Bott theory described in the appendix by defining a 
boundary operator by counting flow lines with cascades we prove that moment 
Floer homology is isomorphic to the singular homology of the Lagrangian in the 
Marsden-Weinstein quotient with coefficients in some Novikov ring. 

In the appendix we develop some approach to define Morse-Bott homology 
by counting flow-lines with cascades. We prove that for a given Morse-Bott 
function and for generic choice of a Riemannian metric on the manifold and of a 
Morse-function and a Riemannian metric on the critical manifold transversality 
for flow-lines with cascades can be achieved and hence the boundary operator is 
well-defined. We show that Morse-Bott homology is independent of the Morse- 
Bott function and hence isomorphic to the ordinary Morse homology. 

1.2 Acknowledgements 

I would like to express my deep gratitude to the supervisor of my thesis. Prof. D. 
Salamon, for pointing my attention to moment Floer homology, for his encour- 
agement and a lot of lively discussions. I cordially thank the two coexaminers 
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Prof. K. Ono and Prof. E. Zehnder for a great number of valuable sugges- 
tions. In particular, I would like to thank Prof. Ono for enabling me to come to 
Hokkaido University and for explaining to me the theory of Kuranishi structures. 

2 Arnold-Givental conjecture 

We will give in this section a heuristic argument based on Floer theory why the 
Arnold-Givental conjecture should hold. We refer the reader to Floer's original 
papers [Hil EEl Ell EH EH and to [HS] for an introduction into the topic 
of Floer theory. We will here just introduce the main objects of the theory. 
Moreover, we completely ignore questions of bubbling and of transversality. We 
will address the question of transversality in section|3| We hope that these tech- 
niques combined with the techniques developed in |i^'Un| and |i^'UUU| to over- 
come the bubbling phenomenon should lead to a proof of the Arnold-Givental 
conjecture in general. However, in this paper we will not persecute such an 
approach but consider instead in section 0| moment Floer homology where no 
bubbling occurs. 

We abbreviate by F the group 

kcr/^ n kerJ;^ 

where 7;^ : 112 (M, L) ^ M and : 112 (M, L) Z are the homomorphisms in- 
duced from the symplectic structure uj respectively the Maslov number ^. We 
refer the reader to jR.SlI IR.S2I ISZj for a discussion of the Maslov index. Follow- 
ing jHSj we denote the Novikov ring A = Ar as the ring consisting of formal 
sums 

r = ^ r^7, G Z2 

which satisfy the finiteness condition 

#{7 e F : 7^ 0, 7^(7) > 4 < 00, VkgR. 

Note that since the coefficients are taken in the field Z2 the Novikov ring is 
actually a field. It is naturally graded by 

To define the Floer chain complex we consider pairs {x,x) £ C°°((il,17 n 
R),{M,L)) X C°°(([0,1],{0, l}),(M,i)) 1 for the half-disk Q = {z e C : \z\ < 
1, Im(z) > 0} which satisfy the following conditions 

x{t) = XH,{x{t)), a;(e"*) ^ x{t), t G [0,1]. 

We introduce an equivalence relation on these pairs by 

{x, x) = {y, y) ■^=^ x^y, uj{x) = uj{y), //(x) = ^j.{y) 

^We abbreviate for manifolds A2 C Ai and B2 C -Bi by C°°((Ai,^2), (-Bi,B2)) the space 
of smooth maps from Ai to Bi which map A2 to B2. 
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and denote the set of equivalence classes by recalling the fact that this set 
may be interpreted as the critical set of an action functional on a covering of 
the space of paths in M which connect two points of the Lagrangian L. The 
Floer chain complex CF^{M, L; H) can now be defined as the graded I2 vector 
space consisting of formal sums 

satisfying the finiteness condition 

#{c = [x, x\e'S' : 7^ 0, I^{x) > k} < 00, V K e M. 

The grading of CF* is induced from the Maslov index. The natural action of F 
on CF^, by cocatenation induces on CF* the structure of a graded vector space 
over the graded field A. 

To define the boundary operator we choose a smooth family of w-compatible 
almost complex structures Jt for t £ [0, 1] and count for two critical points 
[x, x], [y, y] e"^ solutions u £ C°°([0, 1] x R, M) of the following problem 

dsu + Jt{u){dtu- Xh,{u)) = (1) 

w(s,j)ei, ie{0,i} 

lim u(s, t) = x{t) 

s — — 00 

lim u{s, t) = y{t) 

s — *-oo 

mu]#y = 0. 

Here the limites are uniform in the i-variablc with respect to the C^-topology 
and ^ denotes cocatenation. For generic choice of the almost complex structures 
the moduli space x], [y, y]) of solutions of is a smooth manifold of 

dimension 

dim(7W([x,a;], [y,y])) = n{x) - ^i{y). 

If [x, x] is different from [y, y] the group M acts freely on the solutions of by 
timeshift 

u{s,t)^ u{s + r,t), r e R. 
We denote the quotient by 

M{[x,xUy,y]) = M{[x,xUy,y])/^. 

If we ignore the question of bubbling the manifold A1([x,a;], for critical 

points [x, x], [y, y] € satisfying ^{x) — = 1 is compact and we may define 
the Z2 numbers 

ni\x,x], [y,y]) := #M{[x,x], [y,y]) mod 2. 
The Floer boundary operator is now defined as the linear extension of 
d[x,x]= ^ n{[x,x],[y,y])[y,y]. 

fj.{y)=li{x)-l 
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Ignoring again the bubbling problem one can "prove" 

92 = 

and hence one can define 

HF^{M,L;H,J)^^. 

One can show - always ignoring the bubbling problem - that for different choices 
of H and J there are canonical isomorphisms between the graded A vector spaces 
and hence Floor homology HF^, {M, L) is defined independent of H and J . It 
follows from its definition that the dimension of HF^ as A vector space gives a 
lower bound on the number of intersection points of L and (f>H{L)- 
To "compute" the Floor homology we consider the case where H = {). Actually, 
in this case L and 4>h{L) = L do not intersect transversally but still cleanly ^. 
The finite dimensional analogon of clean intersections in Floor theory are Morse- 
Bott functions. In our case the critical manifold consists of different copies of the 
Lagrangian L indexed by the group F. Following the approach developed in the 
appendix one can still define Floer homology in the case of clean intersections. 
To do that one chooses a Morse function on the critical manifold. The critical 
points of this Morse function give a basis for the chain complex. The boundary 
operator is defined by counting fiow lines with cascades. In our case, a cascade 
is just a nonconstant solution u G C°°([0, 1] x M, M) of the unperturbed Floer 
equation 

dsU + Jt{u)dtu = 0, 

which converges uniformly in the t- variable to points on L as s goes to ±00. 
A flow line with zero cascades is just a Morse flow line. A flow line with one 
cascade consists of a piece of a Morse flow line a cascade which converges on 
the left to the endpoint of this piece and which converges on the right to the 
initial point of a second piece of a Morse flow fine, see appendix 1X1 for details. 
The boundary operator now splits naturally 

5 = a" + c)i 

where 9° consists of the flow lines with zero cascades and consists of the flow 
lines with at most one cascade. Note that 5" is precisely the Morse boundary 
operator. If one can show that is zero it follows that 

HF4M,L) = HM4L;Z2) x^, A 

where i7A/»(L; Z2) is the Morse homology of L with Z2 coefficients, which is 
isomorphic to the singular homology of L with Z2 coefficients, see |Schl| . 

■^Two submanifolds L\,L2 C M are said to intersect cleanly if their intersection is a 
manifold such that for each a; g Li D L2 it holds that Tx{Li n L2) = T^Li D TxL2. 
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It now remains to explain why one has to expect that vanishes. Since the 
Lagrangian L is the fixpoint set of the antisymplectic involution R there is 
an induced involution on the space of cascades. More precisely, since we ignore 
questions of transversality we may now choose the family of uj compatible almost 
complex structures Jt independent of the variable and impose furthermore the 
condition that J is antiinvariant under R, i.e. 

R*J = - J. 

When J is independent of the t- variable a cascade corresponds to a nonconstant 
J-holomorphic disk satisfying Lagrangian boundary conditions, i.e. 

d,u + J{u)dtu = (2) 

u{s,j)eL, je{0,l}. 

The antisymplectic involution R induces a natural involution on the solutions 
of the problem above defined by 

Iiu{s,t) ^ i?(w(s,l - t)). 

This involution does not act freely in general, but it was observed by K.Ono 
that on the " lanterns" , the fixpoints of the involution Ii , one can define a new 
involution defined by 



hu{s,t) 



u(s,t+l/2) 0<i<l/2 
M(s,t-l/2) l/2<t<l 



Finally, on the "double lanterns" , the fixpoints of the involution I2 , one can 
define a third involution given by 



hu{s,t) 



M(s,t+l/4) 0<t<3/4 
M(s,t-3/4) 3/4<t<l 



and so on. Since we consider only nonconstant solution, there exists m G N 
such that /,„ acts freely. Hence one may expect that there is an even number of 
flow lines with at most one cascade. Since we are working with Z2 coefficients 
this implies that is zero. 



3 Transversality 

For general symplectic manifolds one cannot expect to find an i?-invariant lo- 
compatible almost complex structure which is regular so that the relevant mod- 
uli spaces have the structure of finite dimensional manifolds. Hence to make 
precise the heuristic argument at the end of the last section one has to use 
abstract perturbation. To do that one considers solutions of (0) modulo the 
natural M action as the zero set of a section of an infinite dimensional Banach 
manifold B into a Banach bundle £ over it. There are natural extensions of 
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the involutions Ik to involutions of the Banach manifold, so that again Ji is 
defined on the whole space, I2 on the fixpoint set of h and so on. The idea 
of our abstract perturbation is now to perturb our section in such a way that 
the perturbed section intersects the zero section transversally but that its zero 
set is still invariant under the involutions. There are two problems we have to 
overcome. The first one is that one cannot define invariants from the zero set 
of an arbitrary section from in infinite dimensional space and hence one should 
define the section in some "finite dimensional" neighbourhood of the zero set 
of the original section. This problem was solved in |FOn| by using Kuranishi 
structures. The second problem is that for each involution one should find 
extensions /J^ and to the tangent space TB or the bundle £ respectively 
restricted to the domain of definition of Ik in order to achieve that the zero set 
of the perturbed section is invariant under the involutions. 

3.1 Banach spaces 

We interpret solutions of Q as the zero-set of a smooth section from a Banach 
manifold S to a Banachbundle £ over B. To define B we first have to introduce 
some weighted Sobolev norms. Choose a smooth cutoff function (3 g C°°(K) 
such that /3(s) = for s < and /3(s) = 1 for s > 1. Choose 5 > and define 

75 G C°°(R) by 

7^(5) :=e'^'3(s).^ 

Let n be an open subset of the strip R x [0, 1]. For 1 < p < 00 and fc € Nq we 
define the || ||fe_p_5-norm for v G VF'^'P(ri) by 

\\v\\k,p,s ■■= ^ Wis- dldlvWp. 

i+j<k 

We introduce the following weighted Sobolev spaces 

w^^^in) {v e w''^p{n) : Mk^p^s < 00} = {t- e w''^p{n) ^sv e w''^p{n)}. 

We abbreviate 

Fix a real number p > 2 and a Riemannian metric g on TM. The Banach 
manifold B = B\'P{M,L) consists of VKj^'^f-maps u from the strip R x [0, 1] to 
M which map the boundary of the strip to the Lagrangian L and satisfy in 
addition the following conditions. 

Bl: There exists a point x~ G L, a real number Ti, and an clement vi G 
Wl'P{{-oo,-Ti) X [0,l],r^-M) such that 

m(s, t) = exp^- (di(s, t)), s < — Ti. 

Here the exponential map is taken with respect to the metric g. 
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B2: There exists a point E L, a, real number T2, and an element V2 S 
M^/'^((r2, 00) X [0, 1], r^+M) such that 

u(s,t) = expp(w2(s,t)), s>T2. 

We introduce the Banach bundle £ over the Banach-manifold B whose fiber over 
u G S is given by 

£u Ll{u*TM). 
Define the section T: B ^ £ hy 

T{u) := dgU + J{u)dtu 

for u E B. Note that the zero set !F~^{Q) consists of solutions of The 
vertical differential of at u e T^^{Q) is given by 

D^C ■■= D^{u)^ = ds^ + Jiu)dtC + V^J{u)dtu, C e TuB, 

where V denotes the Levi-Civita connection of the metric g{-,-) ~ lu{-,J-). 
There is a natural action of the group M on B and £ given by timcshift 

u{s,t) ^ u{s + r,t), r e R. 

We denote the quotient by 

S:=6/M, £:^£/R, 

by 

T:B^£ 

we denote the section induced from J- and by we denote the vertical differ- 
ential of J- for u e ^^^(0). By induction we define in the obvious way for every 
fc S N smooth involutions Ik on Bk ~ Fix(/fe_i) where we set Bi = B. Our aim 
is to construct natural extensions of these involutions to TB and £ restricted to 
their domain of definition. We prove the following theorem. 

Theorem 3.1 For each fc G N there exist smooth involutative bundle maps 

ir:TB\B,^TB\B,, It- £\b, £\b, 
which extend Ik and which have the following properties. 
(i) The bundle maps commute on their common domain of definition, i.e. 

iF ° ir^ = ir ° irs.. 4 ° ih = ii ° e e ™ih. , g ^ ib, 

for£> k. 
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(ii) For k eN and u £ !F~^(Q)r\Bk the vertical differential of T commutes with 

the involutions modulo a compact operator. More precisely, there exists a 
compact operator Qu ■ T^B such that 

/f o Du - Du o ir = /f o Q„ - Q„ o 

Moreover, if. o — o /J^ vanishes on T^Bk ■ 

(iii) The restriction of of l]:'^ to the tangent space of Bk equals the differential 
of Ik, i.e. 

Ik'^lTBk = dik- 

3.2 A sequence of involutions 

The aim of this subsection is to prove Theorem 13.11 Since the involution we 
want to construct are independent of the s-variablc it is most convenient to 
define them on the space of paths whose endpoints He on the Lagrangian L. We 
define for a real number p > 1 the path space 

^ := ^I'f (Af, L) := ^'^{{[0, 1], {0, 1}), {M,L)). 
For a; e ^ the tangent space oi ^ a.t x is given by 

= w^i'P(([o, 1], {0, 1}), {t;m,t:l)). 

We define the bundle S over 3^ by 

s = lp{[qMt;m). 

Note that T^^ is a subbundle of <S. As before we set 

^1 := ^ 

and define the first involution ,fi E Diff(^i) by 

yix{t) := R{x{l-t)), xe^i. 
By induction on fc € N we define for fc > 2 

:=Fix(^fc_i), ykx{t):^xit+^-lt+^\), x E ^k- 

Here [ J denote the Gauss brackets, i.e. the largest integer which is smaller then 
a given real number 

\r\ := max{n G Z : n < r}, r G M. 

Observe that if the index of integrability p is greater than two and u G B has 
the property that Ug{t) := u{s,t) £ S^k for every s g R and some fc S N, then 
J'k induces an involution on u which commutes with the M action on so that 
the induced map in the quotient B = S/M coincides with the involution Ik- 

We will find in this subsection an extension of these involutions to smooth 
involutative bundle maps J'k ■ S\s?k ~* "^l^^t such that the following properties 
are satisfied. 
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(i) The tangent bundle of the path space is invariant under the involutions 



Moreover, 

(ii) The involutions commute on their common domain of definition 

A o = ^£ ° ^fe?, ^&^\^, 

for l>k. 

We will then define the involution I^^ and of Theorem 13.11 as the induced 
maps of .^k on TB\b^ respectively f Property (i) of the involutions .y^ 
guarantees that /J^ is well defined and guarantees assertion (iii) of Theorem l3.1l 
Assertion (i) of Theorem l3.1l follows from property (ii) of the involutions and 
assertion (ii) of Theorem 13 . II will follow from our construction. 

For X € the extension of the first involution to S is defined in the following 
way 

If X S ^^2: then ,fi is a bounded linear involutative map of the Banach space 
and leads to a decomposition 

where Sx-i is the eigenspace of J'i\s^ to the eigenvalue —1 and tSx^i is the 
eigenspace to the eigenvalue 1. The two projections to the eigenspaces are given 

by 

TTa;,! = ^^idU, : Sx <Sx.i, T^x-i = ^(^idU, -^lU,^ : ^ S'x-i- 

We first define the involutions on the subspace ^x-i- For ^ g Sx,-i the second 
involution ^2 is defined by the formula 

^2C(i) = {-l)^'+"^^J{J^2x{tmt + ll2-[t+l/2\)) e S^,,x. 

To see that .^2^ satisfies condition (i), i.e. maps the tangent space of the path 
space to itself, wc have to check that if ^ is in W^''^ and satisfies the Lagrangian 
boundary conditions, then J^2^ satisfies these conditions, too. Since ^ lies in the 
eigenspace of the eigenvalue — 1 of the first involution , it follows that 

C(l/2) = -di?(x(l/2))C(l/2) 

and using anticommutativity of the almost complex structure J with the an- 
tisymplectic involution R together with the fact that the Lagrangian L equals 
the fixpoint set of R it follows that 

J(x(l/2))e(l/2) G T,(i/2)L 
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and hence J^i^ satisfies the required boundary condition. To prove that -J^ii, & 
W^'P one has to check continuity at the point t ~ 1/2. This is done similarly as 
above by noting that 

^(0) = e r,(o)L = T,(i)L. 

Moreover, a straightforward calculation shows that 
and hence 

Now assume that x € for some integer m > 2. To define the involutions 
J^3, . . . , on (o^^-i we first consider the following linear maps 

^k-. ^^.+2^,-1, fee {l,...,m-2} 

defined by 



Lemma 3.2 The maps J^'k for I < k < to — 2 are well-defined, i.e. ^i{^k£,) 
—^kC They have the following properties. 

(i) They leave the tangent bundle of the path space invariant, i.e. forTx^^i^ : 
Tx^ n S'x.-i we have 



% + 2' 



(ii) They commute with each other and with J^2\s'^ _i- 

(iii) Setting Jfo ■= id their squares can be determined recursively from the 
formula 

^k+i = 2 (^^^ +^" {^2 ^) ) • (3) 

(iv) If p ~ 2 then ££k is selfadjoint with respect to the L'^ -inner product 

»i 







(c,^)= / mrmdt. 

(v) The maps Jf^ are injective. 
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Proof: To prove that the maps are well defined we calculate 

2'"-! 

^ ^(_l)L^J + Li-t+5^+5tJ 

2''-! 

= _ ^ (_i)L2-^-5^J + Li-t+i^^+i-iW-i7rJ 

4=0 

./I * 1 , 1 j 1 A 

= - (_i)L-^ifer-i7ferJ + L-*-^7rFT-iTrJ 

2'"-l 

= _ ^ (_l)-L^-^J-l-Lt+ii;VT + iFJ-l 
i=0 

Y 1 i , 1 i A 

The second last equality only holds in the case, when t 7^ ^ + jf^rr for j € 
{0, . . . , 2*^ — 1}. However, the equality above still holds for ^ in the L^'-scnse. 

To prove assertion (i), one has to show that if ^ G Tn^.-xS^ then satisfies 
the Lagrangian boundary condition and is continuous at the points t — jttft + ^ 
for j G {0, ... 2*^ — 1}. To prove the boundary conditions one checks that 

To prove continuity one uses 

which follows from the assumption that ^ e Tx.-ii^ ■ 
To prove assertion (ii) one checks using the formula 
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that 

2*-! 2*-l 

= ^(_l)L^J + L^J + U+pVT+FTr+it+^J 

/ 1 1 J *l 1 1 j*l 

This formula is symmetric in k and t and hence commutativity follows. In a 
similar way one proves commutativity with ^2 1 <f;j _ 1 • 

It is straightforward to check that 10) holds if fc = 0. We now assume fc > 1. 
Using the formula 

we deduce that 



We calculate 



E E (-l)L*J + L^J + L*+^J 

j=0 1=0 
2'=-! 2'=-l 

-2^ ^(_l)Lp^J + Li^J + L*+iirj 



2''-l 2"-! 

-2 E E(-i) 



l + 2j + 2z ,^ , l + 2j + 2z A 



^U + ^^IT^ \i 



2k+l L 2^+1 
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2fc+i_2 2^ + -'- — 1 

= (-l)L*J + L*J + Lt+^J 



, l + 2J^ + 2^ + l ,^ , l + 2.j + 2z + l 



_ 1) L|i J + Lf^ J + Lt+ J 

j=l 1=0 

, 1 + 2j - 1 + 22 + 1 ,^ , 1 + 2j - 1 + 2z + 1 ; 



= 

This proves ||3J). 
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To prove selfadjointness we calculate 

nl 



2'"-! „i 



J=0 ^0 



1 , J 



2k+i 2*^ 



1 , 



2fe+i 2'=- 



— — J + 



2'"-! ^1 

E 
E 

•i=0 

2'''-l ^1 

E 

2'°-l ,.1 

E 

•^(s)77 
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To prove injectivity we observe that using the formula 
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for z S {0, . . . , 2*^ — 1} and < t < 1/2'^ it suffices to sliow that tlie matrix 
A{t) € whose entries are given by 

A^iit) = (_i)Life^J + Lyj + Lt+pVr+itJ 

is nondegenerate. Using the elementary fact that the determinant of a matrix is 
invariant if one subtracts from a row a different row together with the formulas 

|A,+i,,(<) - A,,e{t)\ = 25,+2^-i.f , « e {0, . . . , 2^-1 - 1} 

\A+i,iit) - A,^e{t)\ = 2S,_2^-i^,, I e {2^-1 - 1, . . . , 2^^ - 2} 
\Ao,eit) - A2k_i^e{t)\ = 252fc-i-i,f 

one concludes that 

|det(A)| -2(2'). 

This proves injectivity and hence the lemma follows. □ 

It follows from ^ and from (ii) in the preceding lemma that for each k £ 
{1, . . . , 771 — 2} the spectrum of Jf^ : S'x.-i S'x.-i consists of a finite number 
of eigenvalues. These eigenvalues do not depend on a; and can be computed 
recursively from For J/fi the unique eigenvalue is given by 

A} = 2 

for the two eigenvalues are given by 

\l^4 + 2-V2, A^ = 4- 2- 72 
and for the four eigenvalues arc given by 



A? = 2 4 + 2-V2+\/4 + 2-V2 1 + 72 



A^ = 2|4-2-\/2+\/4-2-\/2(l-\/2 



A? = 2 4 + 2•^/2-^/4 + 2•^/2 l + \/2 



A^ = 2|4-2-\/2-\/4-2-\/2( l-\/2 



We claim that all the eigenvalues of all the maps for 1 < fc < m — 2 are 
positive. It follows from assertion (v) in the preceding lemma that no eigenvalue 
of J^'k is zero. To see that the eigenvalues are nonnegative we use the fact that 
they are independent of the path x and the index of integrability p. For k < m 
the map maps ffx,-! to itself and moreover is selfadjoint with respect 
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to the L^-inner product L^([0, 1], T*M) by assertion (iv). It follows that all 
the eigenvalues of are real and hence all eigenvalues of Jf;? are nonnegative. 
Using independence of the eigenvalues from x and p the claim follows. 

For 1 < fc < m — 2 denote by Ilfe^A for A G a{^^) the projection to the 
eigenspace of A in Sx.-i- For i < k < m wc now extend the involution to 
Sx^-i by the formula 

ag<t(^2_2) V a 

It remains to extend the involutions also the E^.i the eigenspace to the 
eigenvalue 1 of the first involution. To do that we introduce the maps 

by 

M'kx{t) := xitjT), 0<t<l, xe^fc+i 

and 

x[2t) 0<t<l/2 



S!kx{t) ~ y ^(^^2 - 2t)) 1/2 < t < 1. 
We extend these maps in the obvious way to bundle maps 



and 

by setting 
and 

Note that 



'^km e(V2), < t < 1, ^ e 

Mi) [ ^^^'^ < t < 1/2 
-^kt;[i) W*^(2_2i) l/2<t<l. 



jTfeO^fe =id|^^. 

We now define recursively for ^ £ S^^i 

.^k+i^ := &k o A- o e {1, . . . , m - 1}. 



Remark 3.3 Recall that the vertical differential of the section T is given by 

Dui = + J{u)dti + V^J{u)dtu 

where u G J-^^{Q), S. G T^B, and V denotes the Levi-Civita connection of the 
metric ■) = lu{-,J-). Observe that the last term does anticommute with the 
almost complex structure J. The compact operator in assertion (ii) of Theo- 
rem \H.l\ is given by 

Qui = V^J{u)dtu, e e TuB. 

If the almost complex structure is integrable, i.e. VJ = 0, then Q„ vanishes and 
Du commutes with J and hence interchanges the two involutions. 
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3.3 Kuranishi structures 

We recall here the definition of Kuranishi structure as defined in [^Qnj, see 
also |FOOO| . Our definition will be less general than the one in [FOnj since 
our Kuranishi neighbourhoods consist of manifolds instead of orbifolds, which 
is sufficient for our purposes. Let X be a compact topological Hausdorff space. 
A Kuranishi structure assigns (V^, Ep^ '4^p: ^p) to each p ^ X and {Ypq^ 4*pqi 4^pq^ 
to points p,q £ X which are close to each other. They are required to satisfy 
the following properties: 

Kl: is a smooth manifold, and Ep is a smooth vector bundle on it. 
K2: Sp is a continuous section of Ep. 

K3: ipp is a homeomorphism from s~^(0) to a neighbourhood of p X. 

K4: Vpq,(f>pq, 4>pq arc defined if q e ?/'p(.Sp ^(0)). 
K5: Vpq is an open subset of Vq containing ip~^{q). 

K6: (<h 

pq: 4'pq) IS ^ map of vcctor bundles Eq\Y^^ — > Ep. 
K7: (fypqSq = Spcjypq. 

K8: ll^q = 1pp4lpq. 

K9: If r e ^^(s^HO) n Vpq), then 

4'pq ° 4>qr = 0pr 

in a neighbourhood of ^p^^{r). 

KIO: dimV^ — rankE'p does only depend on the connected component of X in 
which p lies and is called the virtual dimension of the Kuranishi structure 
of the connected component of p. 

Following |FOn| we will say that our Kuranishi structure has a tangent bundle 
if there exists a family of isomorphisms 

^pq: Nv^Vq^Ep/Eq 

satisfying the usual compatibility conditions. Here Ny Vq denotes the normal 
bundle of Vq in Vp. 

Definition 3.4 We say that a compact topological Hausdorff space X and a 
sequence of continuous involutions {Ik\i<k<m defined on closed suhspaces Xm C 
X„i_i • • • C Xi = X of X are of Arnold-Givental type, if the following holds. 

(i) The domain of the first involution Xi is the whole space X, and the domain 
Xk of Ik for 2 < k < m is the fixpoint set of the previous involution, i. e. 

Xfc =Fix(/fe_i). 
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(ii) The last involution acts freely, i.e. 

Fix(/„,) - 0. 

Definition 3.5 We say that a space of Arnold- Givental type {X, {Ik}i<k<m) 
has a Kuranishi structure if X admits a Kuranishi structure in the sense 
of Fukaya-Ono, such that in addition for each p G Xk there exist involutions 
Ip,j for ^ < j < k where /p_i is defined on V^_i := and Ip_j is defined on 
Vpj := Fix(/pj_i) for 2 < j < k, and extensions of Ipj to smooth bundle 
involutions 

Ip,j ■ Eplvp,^ Eplvpj, 
where the following conditions are satisfied. 

(i) If p & Xk \ Xk+i and q G 'tjjp{sp^{0)) C] Xj, then j < k, Ip^k acts freely on 

Vp^k, and 

I]{q) ^^po Ip.j o ipp^iq). 

(ii) If p,q <E X are close enough, x G Vpq C\ Vqj, and ^ G {Eq)^ then 

Ip,j{(l)pq{x)) = (l)pq{Iq^j{x)) 

and 

Ip,j ° (f>pq^ = 4>pq ° 

(iii) The bundle involutions commute on their common domain of definition, 
i.e. if X ^ Vpj and ^ G {Ep)x, then 

Ip.i o Ip,j£, = Ip,j ° Ip,iS. 

forl<£< j. 

Remark 3.6 Assume that (X, {Ik}i<k<m) has Arnold- Givental type. Then 
also {Xj, {Ik}j<k<m) for 1 < j < m has Arnold- Givental type. Moreover, if 
X has a Kuranishi structure, then also Xj has a Kuranishi structure. A Kuran- 
ishi neighbourhood is constructed in the following way. For p G Xk with k > j 
take 

Vp^j = Fix(/pj_i|yJ 

and as obstruction bundle take the intersection of the eigenspaces to the eigen- 
value 1 of the previous involutions, i.e. 

i<i<]-i 

The other ingredients of the Kuranishi structure are then given by the obvious 
restrictions. Note that since the involutions commute on their common domain 
of definition Ep j is invariant under Ip^i for j <i<k. 
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Definition 3.7 We say that a space {X, {Ik}i<k<m) of Arnold- Givental which 
admits a Kuranishi structure has a tangent bundle if the Kuranishi spaces 
Xj admit a tangent bundle in the sense of Fukaya-Ono and the isomorphisms 
^pq,j fof PtQ S -^j close enough are obtained by restriction of ^pq i — $pq for 
1 < j < m. 

In order to do useful perturbation theory we have to extend the involu- 
tions to the tangent bundle. Since by assertion (ii) of Theorem 13.11 the ver- 
tical differential of the section J- commutes with the involutions only modulo 
a compact operator the tangent bundle will in general only admit a "stable" 
Arnold-Givental structure. A similar phenomenon appeared in |FOn| where the 
Kuranishi structure in general only admitted a stable almost complex structure. 

We first have to recall the following terminology from |FOn| . A tuple 
((Fi_p, F2,j,), $2,p(j, *fpg)) is a bundle system over the Kuranishi space 

X ~ {X, (Vp, Ep^ijjp, Sp)) if Fi^p and i^2.p arc two vector bundles over Vp for 
every p € X, ^i,pq: Fi^q Fi,p\v^ and $2,pg : -F2,g ~* ^2,pIk, arc cmbeddings 
for q sufficiently close to p, and 

^ -Fi.plv, F2.p\v^ 

are isomorphisms of vector bundles. These maps are required to satisfy some 
compatibility conditions. Moreover, there is some obvious notion of isomor- 
phism, Whitney sum, tensor product etc. for bundle systems. We refer the 
reader to |FOnj for details. 

If a Kuranishi structure has a tangent bundle, i.e. a family of isomorphisms 
$pq : Nv^Vq = Ep/Eq, then one can define a bundle system 

TX = {TVp, Ep, 4'pq,d(f)pq,^pq) 

over X. If the space X is of Arnold-Givcntal type and admits a tangent bundle, 
then we define the normal bundle 

NX = {TVp,,\v^,^^jTVp.,+^, 
Fp,]\vp,j+i/Ep,j+i, 

/d(ppq,j+l, 
4'pq,j\Vpg,j + i/4'pq,j+l, 
*P9 J I Vp,,j + l /*P9J + l}l<i<m-l 

as a bundle system over 

UJTi ^3+1- The re al K- group KO{X) of a space with 
Kuranishi structure X was defined in |FOnj as the quotient of the free abelian 
group generated by the set of all isomorphism classes of bundle systems modulo 
the relations 

[m,p, F2,p), (<i>i,p„ $2,pg, %q)) ® ((Fi',p, F!,^p), c&^^p,, <i>;^))] = 

,p I -^2,p ), ($l,pg, $2,p9, %q))] + [iiFlp,Flp), ($;_p^, ^'2,pq, %q))] 
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[{{Fup, F2,p), («>i,p5, *2,p9, $pg))] = 

if ((-Fi,p,F2,p), ($i,pg,<I>2,pg,$pg)) is trivial. 

If the Kuranishi structure has a tangent bundle [TX] denotes the class of TX 
in KO{X). If the Kuranishi structure is of Arnold-Givental type and admits a 
tangent bundle [NX] denotes the class of NX in ^^=2 KO{Xj). 

Definition 3.8 Assume that {X, {/fe}i<fc<m) is o, space of Arnold-Givental type 
which admits a Kuranishi structure {X,{Vp, Ep, Sp,il}p,(j)pq,(j)pq)) and assume 
further that ((-Fi,p, -F2,p)i ('f i;p(ji '^'2;piji 'fpg)) is a bundle system on it. We say 
that {{Fi p, F2^p), ($i;pg, ^2;pq, ^pq)) is CL Bundle System of Arnold-Givental 

type if for every p € Xk there exist extensions of the involutions Ipj for 
^ l£ j l£ k to smooth involutative bundle maps Ii^pj- Fi p\y^. — > Fi p\vj,j and 
l2.p.j' F2^p\vp j ^ F2_p\vp j such that the following conditions are satisfied. 

Compatibility: The transition maps ^i-pq, and ^2-pq restricted to the 

domain of definition of the involutions interchange them. 

Commutativity: The involutions commute on their common domain of defi- 
nition. 

The Whitney sum of two bundle systems of Arnold-Givental type still has 
Arnold-Givental type and hence one can consider the if-group Kag{X) of bun- 
dle systems of Arnold-Givental type over X. There is an obvious map 

KAciX) ^ KO{X). 

If X admits a tangent bundle then there is an obvious extension of Ipj to the 
bundle Ep given by Ipj. However there is no obvious extension of Ipj to TVp 
in general. This motivates the following definition. 

Definition 3.9 Assume that {X, {/fe}i<fe<m) is a space of Arnold-Givental type 
which has a Kuranishi structure with tangent bundle. We say that X has a 
Kuranishi structure of Arnold-Givental type if the normal bundle NX 
is a bundle system of Arnold-Givental type in IJJ^2 ■ ^'^V ^^'^^ ^ 

a Kuranishi structure of stable Arnold-Givental type if [NX] is in the 
image of KAciXj) ^ 07=2 ^^(X,). 

Note that a Kuranishi structure of Arnold-Givental type is also a Kuranishi 
structure of stable Arnold-Givental type. 

Theorem 3.10 We assume that {X, {Ik}i<k<m) has a Kuranishi structure of 
Arnold-Givental type whose virtual dimension is zero. Then for each p G X , 
there exist smooth sections Sp such that the following holds. 

(i) Sp O <j)pq = (j)pq O Sq, 

(ii) Let X € Vpq- Then the restriction of the differential of the composition 

of Sp and the projection Ep Ep/Eq coincides with the isomorphism 

^pq-- NVpVq^ Ep/Eq. 
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(iii) The sections Sp are transversal to 0, and if p E Xk then ^(0) is invariant 
under Ipj for 1 < j < k. 

Remark 3.11 The sections Sp will not necessarily be invariant under the in- 
volutions, only their zero set will be. 

We need the following lemma. 

Lemma 3.12 Assume that Y is a compact manifold, N and E are two vector 
bundle over Y and U d N is an open neighbourhood of Y C A^. Denote by 
ttn : N ^ Y the canonical projection. Then there exists a section s: N '^n-^ 
which satisfies the following conditions. 

(i) The zero section s^^(O) is invariant under the involutative bundle map on 

N defined by y) t-^ {—n, y) for y € Y and n S Ny. 

(ii) Outside U the section s is invariant under the involutative bundle map 

of Tr]^E given by {e,n,y) i-^ {—e,—n,y) for y E Y , n £ Ny, and e G 

(iii) The boundary of the set of transversal points has codimension at least 
one. More precisely, there exists a manifold D, of dimension dim(O) = 
dim(y) — rk(£') + rk(A^) — 1 and a smooth map f : ~^ N such that the 
Lu-limit set of the dim(y) — rk(iJ) +r]i{N)- dimensional manifold of points 
of transversal intersection 

^ := {n e s"^(0) : Ds{n) onto} 

is contained in the image ofVL, i.e. 

fl el(^\A')c/(r!). 

i^C^ compact 

Proof: Choose a bundle map N ^ E and define 

Q:={yeY : dim(ker$(y)) > 0}. 

Let -.Y ^ E he & seetion sueli that 

1'|q = 0, *(y)n$(7V^) = {0}, VyGF. 

Choose further a smooth cutoff function /3 : — > K such that 

/3|y = 1, supp(/3) c U. 

Define a section s: N ^ ^tv^ tiy 

sin) := /3(n)7r^^'(7rAr(n)) + ttJ^t^H, n E N. 

Then s satisfies conditions (i) and (ii) and for generic choice of 'J and <& also 
condition (iii). This proves the lemma. □ 
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Proof of Theorem I3.10t We continue the notation of Remark 13.61 For 
j e {1, • ■ ■ ,m} denote by for p S Xj the section from Vpj to Epj which 
is induced from Sp. By induction on j from m to 1 we find sections of 
which satisfy conditions (i) and (ii) of Theorem 13.101 as well invariance of the 
zero set under the involutions, but instead of the transversality condition we 
impose the condition that the boundary of the manifold of points of transversal 
intersection has codimension at least one. 

(iii') For each j G {1, • • • , Ti} and for each p G Xj there exists a manifold 
VL^p of dimension dim(fi^) = dP^ — \ where d?^ is the virtual dimension of 
the connected component of p of the Kuranishi structure of Xj and a 
smooth map : 17^ — *■ such that the cj-limit set of the set of points of 
transversal intersection 

■■= U G i~4r\0) ■■ DPpiq) onto} 
is contained in the image of fi^, i.e. 

fl di^^\K)cf^{n^p). 

K<Z^p compact 

To prove the induction step we observe that by the assumption that the Ku- 
ranishi structure is of Arnold-Givental type it follows that the two vector bundles 
^^pjl(4+i)-i(o)/^^PJ+il(4+')-i(o) and-Ep,j|(^.+i)_i((jj/£'pj+i|(^3+i)_i(o) induce 
bundles on the quotient (s^+^)~^(0)//pj-|-i. The induction step can now be con- 
cluded from Lemma [3. 121 Since the Kuranishi structure oi X = Xi has virtual 
dimension zero it follows that for every p € Xi the set is empty and hence 
condition (iii) holds. This proves the theorem. □ 

We recall from |FOn| that if F is a topological space and X is a space with 
Kuranishi structure, a strongly continuous (smooth) map f : X Y is a, family 
of continuous (smooth) maps /p : F for eachp e X such that fpocppq = fq. 

If n is the virtual dimension of the Kuranishi structure we define the homology 
class 

f{[X])eH„{Y;Z2) 

as in |F()n| . We are now able to draw the following Corollary from Theorem l3.1()l 

Corollary 3.13 Assume that {X, {Ik}i<k<m) has a Kuranishi neighbourhood 
of stable Arnold-Givental type whose virtual dimension is zero. Suppose further 
that Y is a topological space and f : X ^ Y is a strongly continuous map. Then 

f{[X]) = QGHo{Y;'L2). 

If the space M consisting of J-holomorphic disks whose boundary is mapped 
to the Lagrangian L is compact with respect to the Gromov topology, then Ai 
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together with the involutions described in section |21 is of Arnold-Givental type. 
We next prove that under the compactness assumption M has a Kuranishi 
neighbourhood of Arnold-Givental type. In our proof wc mainly follow |i^'Un| . 
The new ingredient is to choose the obstruction bundle in such a way that it is 
invariant under the involutions. 

In general one cannot expect that A4 is compact due to the bubbling phe- 
nomenon. We hope that the approach pursued in this article together with 
the techniques developped in |I''(Jn| and |I''(JUU| will allow us to show that 
the compactification of Ai by bubble trees has a Kuranishi neighbourhood of 
Arnold-Givental type. 

Theorem 3.14 Assume that M is compact with respect to the Gromov topol- 
ogy. Then (A^, {/fc}i<fc<Tn) admits a Kuranishi structure of stable Arnold- 
Givental type. 

Proof: Wc first choose local trivialisations of the vector bundle £. More pre- 
cisely, for each q € B wc choose an open neighbourhood Uq <Z B oi q and a 
smooth family of Banach space isomorphisms 

such that the following conditions arc satisfied. 

(Tl) li q G Bk \ Bk+i for k G N, then Uq is invariant under Ij for 1 < j < fc 
and Ik acts freely on Uq. 

(T2) For I < j < k the trivialisations commute with the involutions, i.e. 

Now choose for every p Cz A4 an open neighbourhood Vp G Up of p in B, 
choose a finite set Q C M, for each q e Q a. closed neighbourhood Uq C Uq of 
q in B, and a finite dimensional subspace Eq C £q consisting of smooth sections 
with the following properties: 

(i) For every k G N the sets Vp for every p E A4 [Bk \ Bk+i) and the set 

UgeQn(efc\Bfc+i) ^1 invariant under Ij for 1 < j < A; and Ik acts freely 
on them. 

(ii) For 1 < k < m the family of vectorspaces UgGA^t -^i invariant under I^. 

(iii) For p <E B let Qp := {q <E Q : p e Uq}. Assume that p <E M and p' S Vp. 
Then the sum ®qgQ Eq is direct, i.e. for every qo e Qp we have 

KEq„nj:qeQAMk^i=9- 

(iv) For p E M and p' E Vp the operator 

oDp,:Tp,B^£p,/ ^V^q'Eq 

qeQp 
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is surjective, where 

qGQp 

denotes the canonical projection. 

Our first aim is to define the manifold Vp of p which occurs in the defini- 
tion of Kuranishi structure. In our construction this manifold will be a small 
neighbourhood of zero in the kernel of the map 11^ o Dp. The size of this 
neighbourhood will depend on the domain of definition of the smooth injective 
evaluation maps 

evp-. Vp ^ Vp 

which we have to define first. 

By (iv) we can choose a smooth family of uniformly bounded right inverses 

<:^P'/ V^^E,^Tp,B 

qeQp 

of UP oDp,, i.e. 

We need in addition some compatibility of the right inverses with the involutions. 
To state it we observe that it follows from condition (T2) on the local trivialisa- 
tions together with conditions (i) and (ii) that for p G Mk and p' G VpD Bj for 
j < k the family of vector spaces ©^gg^ 'Pq Eg U 0^gQ^ ^ Vj'.^ Ej^q is invariant 
under for 1 < i < j. Hence the involutions /J induce involutions 

If''^ U Sp,/^V^'Eq^ U £p,/^P^'Eq. 

Using the fact that by (ii) of Theorem 13.11 the operator o £)„ — £)„ o jj^ 
vanishes on T^^Bk together with (iii) of Theorem l3.1l we can impose the following 
compatibility condition of the right inverse Wp and the involutions 

< ° ^"'Ifi-^ kcr(//--id) = 4™ ° < In- kcK/f-id)' V y G n s.. (4) 

Now wc are able to define the manifold Vp which occurs in the definition of 
the Kuranishi structure. For p G B and for ^ G TpB small enough we define 

expp ^ G 6 

as the pointwise exponential map with respect to the metric g{-,-) = uj{-,J-). 
Note that if p G and ^ G TpB^ then expp^ G Bk- Now we choose Vp as an 
open neighbourhood of zero in ker(np o Dp) C TpB which is invariant under /J'^ 
ii p € Bk and which is so small that we are able to define 

ev° : Vp Vp, ev° := exp^ 
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and be recursion for G N 

ev^ -.Vp^Vp, ? ^ exp^^.-i^ [r7'^"^ o nf-"^ o o Gv^-^dj , 
and finally 

evp-.Vp-^ Vp, evp := lim eVp. 
We now define for each p G the obstruction bundle E'p ^ by 

gGQp 

and the section Sp : ^ by 

Sp := (evp)*:F. 

The homeomorphisms il)p from Sp ^(0) to a neighbourhood of p G are defined 

by 

V'p :=evp|,-i(o). 

Perhaps after shrinking the manifolds Vp we may assume using the assumption 
that the set IJq are closed for every q £ Q that 

Qi,,ix)CQp, VpGX, VxG.Spi(0). (5) 

This implies that for p G and x G Sp ^(0) the set 

Vp^^(x) := ev-J(^) (^ev^^(^)(\/^^(^)) n evp{Vp) 

is open in V^^i^^)- We now define 

4>p-,Pp{x) ■ yptl>p{x) V^p, 4'p^j,(x) := eVp ^ o ev^^(a;). 
Using again (|3J) we observe that for every y G V^^p(a:) we have 

We now define the bundle maps (fip^^^^y. ^'i/;p(2:) |vp^,p(^) ^ -E'p as the map in- 
duced by the above inclusion. To define the isomorphisms ^p^^(^x) '■ -^Vp^i/'p(2;) ~^ 
Epl Etp^(^x-^ which are required for the tangent bundle of the Kuranishi struc- 
ture, we observe that there is a natural identification of the normal bundle of 

f^^^p{x){Vp^p(x)) in CYp{Vp) 

^oVp(yp)eV^0p(2:)(^pVp(a;)) - T'q^'''''°^Eq 

qeQp\Q4,p{i) 
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due to the fact that 

is ahcady surjcctivc. The isomorphisms '^p^i^^x) ^-re defined to be the induced 
isomorphisms of the identification above. FinaUy, using the involutions 
induce involutions Ip^k on the obstruction bundle Ep for p £ Mk- Hence we 
have proved that M admits a Kuranishi structure. 

We next show in the integrable case the Kuranishi structure is of Arnold- 
Givental type. As it was explained in Remark 13. 31 if the almost complex struc- 
ture is integrable the operator Du will interchange the involutions, i.e. for fc e N 
and u e J^-i(O) n Bk it holds that 

/f o D., = o ll^. (6) 

lip £ Mk and a; G V^j for j <k then 

T.Vp^j = ev; ker(n^^-(-) o D,,^^^)) n fj (ker/™ - idl™) 
^ i=i 

and it follows from ^ and the invariance of the obstruction bundle under the 
involutions, that if^ for 1 < i < j induce involutions on TVp,j. Using these 
involutions one can endow the normal bundle with the structure of a bundle 
system of Arnold-Givental type. 

It remains to treat the non-integrable case. In general l|njl does not hold but 
by assertion (ii) of Theorem l3.1l we can homotop D„ through Fredholm operators 
to a Fredholm operator which interchanges the involutions by setting 

D^:=Du-XQu, Ae[0,l]. 

Now choose Vp C Up for every p £ B, a finite set G B, and for every q £ a. 
finite dimensional subspace C £q consisting of smooth sections, which satisfy 
again assertions (i) to (iii) but assertion (iv) replaces by 

(iv)' For p £ A4 and p' £ Vp the operator 

IlPp^'oDy.Tp,B^£p-/ V^^'eI 

is surjective. 
Define for p e M.k and x £ Vp,j for j < k 

Wp, :^ ev; (ker(n-''(^)-i o D^^^^^) n Q (ker/™ - id|™)) • 
^ i=i ' 
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Note that Wpj is invariant under the involutions /f'® for 1 < i < j- One can 
now define a bundle system of Arnold-Givental type N^X over Uj'L2 -^j '^here 
Fi^p is given by UJL2 ^pjlvp,,+i/Wpj+i, F2,p = UJI2 ^pj lvp,,+i/£^pj+i: and 
the transition functions are defined in a similar manner as in the case of the 
normal bundle. Using the homotopy between and D^^^ one shows that 

m 

[N'X]^[NX]e^KO{X,). 

It follows that the Kuranishi structure is of stable Arnold-Givental type. This 
proves the Theorem. □ 



4 Moment Floer homology 

Moment Floor homology was introduces in |Fr2j . Moment Floor homology is 
a tool to count intersection points of some Lagrangians in Marsden-Weinstein 
quotients which arc fixpoint set of some antisymplectic involution. In general, 
due to the bubbling phenomenon, the ordinary Floer homology for Lagrangians 
in Marsden-Wcinstcin quotients cannot be defined by standard means, see |Chl 
IChOh| for a computation of the Floor homology of Lagrangian torus fibers of 
Fano toric manifolds. To overcome the bubbling problem one replaces Floor's 
equations by the symploctic vortex equations to define the boundary operator. 
Under some topological assumptions on the enveloping manifold one can prove 
compactness of the relevant moduli spaces of the symplcctic vortex equations. 
In the special case where the two Lagrangians are hamiltonian isotopic to each 
other one can use the antisymplectic involution to prove that moment Floer 
homology is equal to the singular homology of the Lagrangian with coefficients 
in some Novikov ring. This leads to a prove of the Arnold-Givental conjecture 
for some class of Lagrangians in Marsden-Weinstein quotients which are fixpoint 
sets of some antisymplectic involution. We will give in this section proofs of 
the main properties of the symplcctic vortex equations to define moment Floer 
homology and refer to |I'r2| for complete details. To compute it we will need the 
techniques of section |21 These techniques were not available in \Fi2\ and hence 
moment Floor homology could there only be computed under some additional 
monotonicity assumption which is removed here. 

4.1 The set-up 

In this subsection we introduce the notation to define the symploctic vortex 
equations and formulate the hypotheses under which compactness of the relevant 
moduli spaces can bo proven. 

Let G be a Lie group with Lie algebra g which acts covariantly on a manifold 
M, i.e. there exists a smooth homomorphism -ip : G ^ Diff(A/). We will often 
drop ip and identify g with ip{g). 
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For ^ S g we denote by the vector field M — > TM which is generated by 
the one-parameter subgroup generated by ^, i.e. 



exp(i^)(a:;), \/ x £ M. 

t=o 



We shall use the linear mapping : g ^ T^M defined by 
We will denote the adjoint action of G on g by 



g^g-^ = Ad{g)i 



d 



gexp{t(,)g ^ 



t=o 



If / is an open intervall, to G /, and g : / ^ Af is a smooth path, we will write 

i9''dtg){to) := dC-^]^^{g{to))dtg{to) G T,^G = 9 

where £g € Diff(G) is the left-multiplication by g. 

Assume that the Lie algebra is endowed with an inner product (•, •) which is 
invariant under the adjoint action of the Lie group. If (Af , uj) is symplcctic, we 
say that the action of G is Hamiltonian, if there exists a moment map for the 
action, i.e. an equivariant function fi : M 9 ^ where the action of G on g is 
the adjoint action, such that for every ^ G g 

d{^i{■),o = ^{x^)^. 

Note that the function (^(•),^) is a Hamiltonian function for the vector field 
X^. Observe that if ^ G Z{g) ^, then := -I- ^ is also a moment map 

for the action of G. Hence the moment map is determined by the action up to 
addition of a central element in each connected component of M. 

We assume now that (Af, uj) is a symplectic (not necessarily compact) con- 
nected manifold, and G a compact connected Lie group that acts on M by 
Hamiltonian symplectomorphisms as above. We assume that the action is ef- 
fective, i.e. the homomorphism ijj is injective. Let Lq and Li be two closed 
Lagrangian submanifolds of M. We do not require that the Lagrangians are 
G-invariant but we assume throughout this section the following compatibility 
condition with G. 

(HI) For j G {0, 1} there exist antisymplectic involutions Rj G T)iS{M), i.e. 

RjLu = —UJ, Rj = id, 

which commute which G, i.e. for every g G G the symplectomorphism 
Rjip{g)Rj lies in the image ofip, such that 

Lj = Fix(i?j) = {x£ M : Rj{x) = x}. 



■^Somc authors use the convention that the moment map takes values in the dual of the 
Lie algebra. Since we have an inner product we can identify the Lie algebra with its dual. 
*The centraliser Z{q) consists of all § G g such that [^,r]] = for every ») € 
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The maps Rj lead to Lie group Automorphisms Sj : G ^ G defined by 

S,{g):^i:~\R,ij{g)R,), VgeG. (7) 
Note that Sj are involutative, i.e. 

s;^ = id. 

We assume that the inner product in the Lie algebra is also invariant under the 
differentials of Sj at the identity. These are determined by the formula 

^dS,(id)(o(a^) = dR,{R,{x))-'X^iRjx), V X G M. 

In the following we will write Sj for dSj (id). If one identifies G with tp{G), then 
formally 

5, =Ad(i?,). 

Let fi he a moment map for the action of G on M. We further impose the 
following hypothesis throughout this section. 

(H2) The moment map fi is proper, zero is a regular value of fi, and G acts 
freely on /i~^(0), i.e. ipig)p = P for p G /i~^(0) implies that g = id. 

The Marsden-Weinstein quotient is defined to be the set of G-orbits in /i^^(O) 

M := M//G ~ i^r\0)/G, 

i.e. x,y £ /i^^(O) are equivalent if there exists g £ G such that ijj{g)x ~ y. It 
follows from hypothesis (112) that M is a compact manifold of dimension 

dim(M) = dim(M) - 2dim(G). 

The Marsden-Weinstein quotient carries a natural symplectic structure induced 
from the symplectic structure on M, see |MS1I Proposition 5.40]. 
We denote by 

Gl, ■■= {geG: gL, = L,} 

for j G {0, 1} the isotropy subgroup of the Lagrangian Lj. It follows directly 
from the definitions that Gs ■= {.g G G : Sjg ~ g} is a subgroup of Gl,. If 
fj,~^{0) n Lj 7^ 0, than the two groups agree. To see that, note that by (HI) 
there exists p G Lj whose isotropy subgroup is trivial, i.e. Gp := {g € G : gp = 
p} ~ {id}. If g G Glj then g^^Sj{g)p = p and hence g G Gsj ■ 

We denote by q^. the Lie-algebra of Gl^ . Note that if A^^^(O) Ci Lj 

= e : 5,(0 = ei, <. = {e e : S,{0 = -a, 

where _L stands for the invariant inner product defined above. The following 
proposition says that the two Lagrangians induce Lagrangian submanifolds in 
the Marsden-Weinstein quotient. 
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Proposition 4.1 Assume (HI) and {H2). Then the subsets of M 

:=G(i,n/i-i(0))/G 
are Lagrangian submanifolds of M and they are naturally diffeomorphic to 

The following example shows that Proposition 14.11 will in general be wrong if 
we do not assume hypothesis (HI). 

Example 4.2 Consider the standard action of on given by 

iz,,Z2)^{e''zie''z2). 
A moment map for this action is given by 

M^) :=^(|zp-l) 

and the Marsden- Weinstein quotient is the two sphere. Consider now tthe family 
of Lagrangian submanifolds of given by 

La := {{xi + ia,X2) : Xi,X2 <E M} 

where a S M. Note that if a — then La equals the fixpoint set of the antisym- 
plectic involution on which is given by complex conjugation. This involution 
commutes with the -action. For a ^ the Lagrangians La do not satisfy 
hypothesis (HI). Consider the chart 

1^ : kiP + |^2p = l, Z2^o|=C 

of fi~^/S^ = 5"^. Then the images of La are given by 

f tVl -f^ -a^ , iat , , ,1 

For a 7^ these are figure eights with nodal point (0,0). 
To prove Proposition 14. II we need two lemmas. 

Lemma 4.3 Assume (HI) and {H2). The Lagrangians Lj intersect cleanly 
with /i^^(O), i.e. ^^^{0) D Lj is a submanifold of ^^^{0) and for every p G 
/i-i(O) n we have Tp^"^(0) n TpL^ = Tp{^i-\0) DLj). 

Proof: We may assume without loss of generality that yu~^(0) n Lj ^ 0. For 
p G /i~^(0) n Lj we claim that 

d^iip)TpL,=gi^. (8) 
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We first calculate for v E TpLj and ^ G 0Lj 

{d^l{p)v, = Oip)v = u^ix^ip), v) - 

and hence 

To prove that equality holds in © it suffices to show the following implication 

C e di^ , (e, dfx{p)v) ^OVve TpL, =^ C = 0. (9) 

Assume that ^ satisfies the assumption in l^. Let w G TpM. Then w = wi+W2j 
where Wi € TpLj, i.e. dRjWi — Wi, and dRjW2 ~ — W2. We calculate 

(C, dn{p)w) = {^dfi{p)w2) 

= ^^{X^{p),W2) 

= uj{X^{p),-dRjW2) 
= uj{dRjX^{p),W2) 
= ^iXs^^ip),W2) 

= -^{X(^(jp),W2) 

= -{^,dfJ.{p)w) 

and hence 

d^l{p)w) = Vw e TpM. 

Since = fi{p) is a regular value of fi it follows that dfi{p) is surjective and 
hence ^ = 0. This proves and hence ©. If [/ is a sufficiently small open 
neighbourhood of in g;^., then fi^^{U) is a submanifold of M. It follows from 

(O, that A*^^(0) ^iid Lj n pi~^{U) intersect transversally in fj.^^{U). Hence 
^~^{0) and Lj intersect cleanly. □ 

Lemma 4.4 Assume (HI) and {H2). Ifp <E Lj, Gp ~ {g <E G : gp = p} ^ {id} 

and ip{g)p G Lj for some g Cz G, then g £ Glj ■ 

Proof: Because Lj = Fix(i?j), 

RjgRjP = gp. 

Since RjG = GRj there exists g G G such that 

= RjgRjX V .T G M. 

Hence 

and because Gp = {id} 

5 = ff- 



34 



Hence g = RjgRj and for every q G L 



gq = Rjgq. 



This implies that gq £ Lj and hence g G Gl^ ■ 



□ 



Proof of Proposition 14. H It foUows from Lemma 14.31 and the fact that 
Gl acts freely on Lj D /i^^(O) that {Lj n jj.^^ {Q)) / G l ■ is a manifold. There 
is an obvious surjective map from {Lj n fj.^^ {0)) / G l , to Lj which assigns to a 
representative x G Lj C] fj.~^{0) of an equivalence class in {Lj n fj.~^ {Q))/GLj the 
equivalence class of x in Lj . It follows from Lemma 14.41 that this map is an 
injection. □ 

In addition we make the following topological assumptions. 

(H3) n2{M), ni{M), ni{Lj), and tto{Lj) for j e {0,1} are trivial.'^ 

Convex structures for Hamiltonian group actions on symplectic manifolds were 
introduced in |CGMSj . We give a similar definition which takes care of the 
Lagrangian submanifolds. Recall that an almost complex structure is called 
w-compatible if 



is a Riemannian metric on TM. We say that an almost complex structure is 
G-invariant, if 

J{z) = g^J{z) := dij{g)-\gz)J{gz)d^{g)z, y g e G, y z e M. 

It follows from |MS1I Proposition 2.50] that the space of G-invariant compatible 
almost complex structures is nonempty and contractible. 

Definition 4.5 A convex structure on {M, uj, fi, Lq, Li) is a pair (/, J) where 
J is a G-invariant lo- compatible almost complex structure on M which satisfies 



for j e {0, 1} and f : M [0, oo) is a smooth function satisfying the following 
conditions. 

(CI) / is G-invariant and proper. 

^Most of the results of this paper could be generalized to the case, where we replace (H3) 
by the following weaker assumption {H3') 

(H3') For every smooth map v : {B,dB) — ► (M,Lj), we have 



However, if we only assume (H3') instead of (H3), then our path space will in general neither be 
connected nor simply connected. In particular, there will be no well defined action functional. 



^(•,J.) 



dRj{Rjz)J{Rjz)dRj{z) 



J{z), \fz e M. 



(10) 
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(C2) There exists a constant cq > such that 

fix) > CO {V^Vfix),0 > 0, df{x)Jix)X^^,){x) > 0, ^l{x) ^ 

for every x G M and every ^ g T^M. Here V denotes the Levi-Civita 
connection of the metric (•, •) = lu{-, J-). 

(C3) For every p S Lj it holds that V f{p) G TpLj. 

As our fourth hypothesis wc assume that a convex structure exists 

(H4) There exists a convex structure (/, Jo) on {M,uj^ fi, Lq, Li). 

A convex structure will guarantee, that solutions of our gradient equation will 
remain in a compact domain. 

The main examples we have in mind, are of the following form. The sym- 
plectic manifold (M, cu) equals the complex vector space C" endowed with its 
canonical symplectic structure too, the Lagrangians equal some linear Lagrangian 
subspace of C", and the group action ip is given by some injective linear repre- 
sentation of a connected compact Lie group G to U (n) . 

For a linear Lagrangian subspace L of C" there is a R-linear splitting 

C" L © JoL 

where Jq is the standard complex structure given by multiplication with i. Let 
R = be the canonical antisymplectic involution given by 

R{x + Joy) ^ X - Joy 

for x,y £ L. Hypothesis (HI) means 

p{G)R = Rp{G). 

In the special case where p = id and L = M", the induced involution S* on G is 
given by complex conjugation. To see that, choose A G U{n) and z € C. We 
calculate 

S{A)z = RAR{z) = RAz = Az 

and hence S{A) = A. 

The Lie algebra u{n) of U{n) carries a natural invariant inner product given 

by 

{A,B) -.^ trace(A*B), 

where A* is the complex conjugated transposed of A. Let p : q ^ u{n) be the 
induced representation of p. Endow g with the invariant inner product 

(ei,6)p-(p(a),p(6)), va,6eg. 

Let p* : u{n) — + g be the adjoint of p, i.e. 

{p{0,v) = {tp*{n))p vee 0,r/e u(n), 
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then a moment map fi for the action of G is given by 

where t is a central element of g. Since p is isometric with respect to our inner 
products, (•, •) is 5* invariant. 

A convex structure on (C", wg, /i, L) is defined for example by 

(/,J) = (i|zp,Jo). 

Example 4.6 (Toric manifolds) Let A be a k x n-matrix of rank k whose 
entries are positive integers. Let the k-torus act on C" hy 

z cxp(27ri^6'^)z 

where 9 = (6*1, ...,0k)G M./Z x . . . x M/Z = T'^' and z = (zi, . . . , z„) G C". For 
some T £ iM.'^ which is equal to the Lie algebra of the torus a moment map for 
the torus action above is defined by 



If acts freely on fi ^{Q), then the Marsden-Weinstein quotient 'C'^ / /T^ = 
p.^^{Q) /T^ is called a toric manifold. 

Example 4.7 (Grassmannians) There is a natural action of the unitary group 
U{k) on C"^'^ , the space of k- frames in C", having the moment map 

pL{B)^^{B*B-id). 

The symplectic quotient is the complex Grassmannian manifold Gcin,k). Let 
L = M"^'^ be the space of real k-frames. Its isotropy subgroup is the orthogonal 
group 0{k) and the induced Lagrangian in the symplectic quotient equals the 
real Grassmannian Gm.in,k). 

Remark 4.8 (Naturality) For U E U{n) let the representation pu be given 
by 

Pu{g)^Up{g)U-\ ygeG. 
Then a moment map for this action is given by 

p.u{z) = ^^{u~^z) 

and there is a natural induced isomorphism from M to Mu := p^^[0)/G given 
by 

[z]^[Uz]. 
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Defining the linear Lagrangian subspace 

Lu ■■= U{L) 

the image of L under the above isomorphism equals 

Lu ■.^G{iiu\{))r\Lu)/G. 

Because the group U{n) acts transitively on the set of Lagrangian subspaces of 
C" one can always assume after applying some U as above, that L — M" . 

4.2 The symplectic vortex equations on the strip 

In this subsection we show how one can derive the symplectic vortex equations 
from an action functional. 

We define the path space ^ by 

^ := {{x,v) e C°°([0,1],A'/ X g) : x{j) E L„ e flf^., j G {0,1}}, (11) 

The assumption (H3) implies that ^ is connected and simply connected. The 
gauge group Ti. is defined by 

■H := {geC^i[0,l],G):gij) e G^,, gUy'dtgU) G gf^, j G {0,1}}. 

The group structure is the pointwise multiplication of G. The gauge group Ti 
acts on ^ as follows 

9*{x,v) = {9x,gvg~^ - dtgg^^), g G H. 

Choose a path xq ■ [0, 1] — > M with xo{j) G Lj for j G {0, 1}. For a smooth 
family of G- invariant functions Ht : M ^ ior t E [0, 1], we define the action 
functional 

Af,,H : ^ ^ K 

by 

A^,h{x,v) = - / x*u;+ [ {{^i{x{t)),rj{t))-Ht{x{t)))dt, 

J[04]x[0,l] "'0 

where x : [0, 1] x [0, 1] ^ M is a smooth map, which satisfies 

x{t,l) = x{t), x{t,0) = xo{t), x{0,s)gLo, x{1,s)eLi. 

Since uj is closed and vanishes on the Lagrangians the assumption that tt2 (M) = 
and TTi{Lj) = for j G {0, 1} together with Stokes theorem implies that the 
value of A^^H{x,ri) does not depend on the choice of x. Moreover, A^^h is 
invariant under the action oiHo, the path-connected component of the identity 
of TC. To see this, let g G Ho, then there exists h : [0, 1] x [0, 1] G with 

h{t,l)=g{t), h(t,0)^id, h{j,s)eGL,, h-'dth{j,s)e2i, J e {0,1}- 
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The claim follows with g*x = hx. 

The tangent space T(^x.ri)^ of the path space 3^ at {x, 77) G ^ is defined as 
the vector space 

{(£,r;) G {[0,1], x*TM x g) : x{j) G T,(,)L„ f,{j) G flf ^ , j G {0,1}}- 

A family of G-invariant, w-compatiblc, almost complex structures Jt determines 
an inner product on ^ by 

{{xi,f,i),{x2,m))= [ {{xi{t),x2{t))t + {m{t),m{t)))dt (12) 

Jo 

for (ii,77i), {x2,fi2) G T(^x,ri)-^, where 

{■r)t^{;-)j,=^{;Jf)- 
The gradient of h with respect to the above inner product as usual defined 

by 

dA^^H{x,rii)[x,i% = {gva.(iAy.^H{x,ri),[x,if[) 

is given by 

grad^„,(x,,)=(^*(* + ^''(^)-^-*(-))). 

The set crit(^) C of critical points of consists of paths {x, -q) : [0, 1] 

M X g which satisfy 

x + x,j{x) = XhAx), /i(-^) = 0, x{j)eLj, e flf,, j e {0,1}- 

Since G acts freely on fi^^{0) the group H acts freely on crit(yt). If H is the 
induced Hamiltonian function of H in the Marsden-Weinstein quotient M and 
its flow, i.e. 

^-^fi = ° -^s. = id. 

then we will prove in Lemma |4. 1 II below that there is a natural bijection 

crit(yt)/7i;?^ (/)]j(Lo)nZi. 

Let 

e = {z = s + it G C : < i < 1} 

be the strip. The flow lines of the vector held gradAf^.H are pairs {u, 5') G 
C^^{Q, M X 2), which satisfy the following partial differential equation 

dsu + Jt{u){dtu + X^{u) - XhAu)) = 

ds^ + = (13) 
u{s,j)eLj, ??(s,j)Gsi^, je{0,l}. 
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We define further the gauge group 

Gioc = {g e Q?c(0,G) : e Gl,. g-'dtg{s,j) e si^, J e {0,i}}. 

Sohitions of the problem (|13() are invariant under the action of Ti. but not of 
Qioc- To make the problem invariant under the gauge group Gioc, we intro- 
duce an additional variable <i>. Given a solution (ito,5'o) of and g G Gioc 
then {u, vP, 4>) = {guo, g'i'og^^ — g^^dtg, —g^^dsg) is a solution of the so called 
symplectic vortex equations on the strip 

dsU + X^{u) + Jt{u){dtu + X^,{u)-XHA^)) = 

a.* + =0 (14) 

u(s,j)eL,, $(s,j)e0L,., *(s,j)efli^. jG{0,i}. 

Moreover, 1)14(1 is invariant under the action of g G CJjoc given by 

$) = (.gu, 5*5-1 - dtgg-\g^g'^ - d^gg'^). 

On the other hand each solution of H14() is gauge equivalent to a solution of ((13() . 
To see that, let (u, $) be a solution of (|14|l and take the solution g : Q ^ G 
of the following ordinary differential equation on the strip 

5,5 = 5(0,0= id. 

Then 5 G tJ(oc and 5,$ = 0. In the terminology of gauge theory, this means 
that solutions of (|13|l are solutions of H14|l in so called radial gauge. 

Remark 4.9 // one introduces the connection A ~ ^ds + "^dt on the trivial 
G -bundle over the strip, then the first two equations of can be written as 

dj,H,A{u) = 0, *Fa + ^l{u) = 0. 

These equations were discovered independently by D.Salamon and I.Mundet (see 
l(J(jSf . l(J(jMSf . and \Muf ). In the physics literature they are known as gauged 
sigma models. 

Remark 4.10 (Naturality) Solutions of the problem \1J\I have the following 
properties. Let Kt be some smooth family of G-invariant functions on M and 
let tp^j^ : M —!■ M be the Hamiltonian symplectomorphism defined by 

= o i^K, ^% = id- 
// (m, VP, 3>) is a solution of \14^ , then 

{u, l>)(.s, t) :== [ifj^^ o It, $)(.s, t) 
is also a solution of \14^ with H, J, Lq, Li replaced by 

In particular, by choosing Hf ~ Kt one can always assume that 11 = 0. 
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Proposition 4.11 There is a natural bijection between crit(,4)/7i and (^^(Lo)n 

Zi. 

Proof: By Rcmark l4.1(Jl we may assume without loss of generality that H = 0. 
Denote by tt the canonical projection from /i~^(0) to M ~ ii~^{Q)/G. If g G 
Lq n Li, then there exists xq e Lq, xi Cz Li, and h Cz G such that 

7r(a;o) = 7r(a;i) = q, xi ^ hxQ. 

Choose a smooth path g G C°°{[0, 1], G) such that 

5(0) = id, g{l) = h, idtg)g-\0) & si^, {dt9)g-\l) & 9^- 

Such a path exists, since G is connected. Now define 

/ : Zo n Zi ^ crit(^)/7^, q ^ [{g{t)x„, -{dtg)g-\t))]. 

Here [•, •] denotes the equivalence class in crit(^)/7i. 

We have to show that / is well defined. To see that choose another quadruple 
(io, ii, h, g) which satisfies the relations above. It follows from Lemma 14.41 that 
there exists hj £ Glj for j S {0, 1} such that 

Define 

7(0 :=g{t)h,'g{tr'- 

Then 

-f*ig{t)xo,~idtg)g'^) = igit)xo,-{dtg)g'''^) 

and 

J en. 

This shows that / is well defined. The verification that 7 is a bijection is easy, 
namely to construct the inverse of / map (a;, 77) S crit(yl) to 7r(x)(0). □ 

Remark 4.12 (Extension) Every solution can be extended to the whole com- 
plex plane. To see that let (u, ^',$) be a solution of ^14)) and assume that 

Jj{z) = -dRj{Rjz)Jj{Rjz)dRj{z), z e M, j £ {0, 1}. (15) 

For simplicity, assume also that H = 0. Let Jt for t £ R be the unique G- 
invariant extension of to -compatible almost complex structures on M defined by 
the following conditions 

J\[0,l]xM = J 

J2n-t{z) = -dRo{Roz)J2n+t{Roz)dRo{z), n£Z, t £ {0,1] 
J2„+i-t(2;) = -dRi{Riz)J2„+i+tiRiz)dRi{z), n £ Z, t £ {0,1]. 
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ForneZ and t e (0, 1] let {u, $) € W'jof (C, Af x g x 3) be defined by the 
conditions 

{u,i',^){s,2n-t) = (i?o^t,-^o(*),S'o($))(s,2n + t), 
(w,*,l>)(s,2n + l-t) = -5l(*),S'l($))(s,2n + l + ^)• 

i^ere S'j for j G {0, 1} was defined in The map (u, 5', $) solves 

d,u + X^{u) + Mu){dtu + X^iu))^0 

dA - 9t$ + [!>, + = (16) 
(u, <l>)(s + 2,t) = [(i?o) o (5o) o {S,)^, (5o) o (^i)$)(s, t). 

Solutions of are invariant under the action of the gauge group 

Gioc ■■= {g e Q?c(C,G) : g{s,t + 2) = {So) o {Si)g{s,t)}. 



4.3 Compactness 

The energy of a solution of ifTHl is defined by 

:= ^ ^|a,u + X<E.(u)p + \^i{u)\^'^dsdt. 

The aim of this subsection is to prove that every sequence of finite energy 
solutions of (|14|l has a convergent subsequence modulo gauge invariance. The 
main ingredient in the proof is Uhlcnbcck's compactness theorem, which states 
that a connection with an L^-bound on the curvature is gauge equivalent to a 
connection which satisfies an i^-bound on all its first derivatives. 

Compactness fails if solutions of (|14|l can escape to infinity. To make sure 
that this cannot happen we have to choose our almost complex structure and the 
Hamiltonian function appropriately. Fix some convex structure K. = (/, J) on 
(M, iu, n, Li, L2). Let J{M, ui, /i, K.) be the space of all G-invariant a>-compatible 
almost complex structures J on (M, lo) which equal J outside of a compact set 
in M. It is proven in Proposition 2.50 in |MSlj that the space J{M,u), ji^JC) is 
nonempty and contractible. We define the space of admissible families of 
almost complex structures 

J := Ji[0, 1], M, w, ^l, K.) C G°°([0, l\,J{M, uj, fi, /C)) 

as the space consisting of smooth families of Jt G J'{M,uj, ^,IC) which satisfy 
p5|l . Let C^q{M) be the space of smooth G-invariant functions on M with 
compact support, and 

Ham Ham(A/, G) := {H e Go°°([0, 1] x M) : Ht G Ci^ciM)} 

the space of G-invariant functions parametrised by i G [0, 1]. 
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Theorem 4.13 (Compactness) Let (u^,^,^,^^) e C^^{Q,M x g x g) be a 
sequence of solutions of ji-^j j with respect to a smooth family of almost complex 
structures Jt & J and to a smooth family of Hamiltonian functions Ht £ Ham. 
// the energies are uniformly bounded, then there exists a sequence of gauge 
transformations £ Qioc such that a subsequence of {gv)^:{uv, ^'y, <i>^) converges 
in the C^^-topology to a smooth solution (u, $) of the vortex problem^l4}^. 

Instead of Theorem 14 . 1 HI wc prove the fohowing stronger theorem. 

Theorem 4.14 Let {u,y,'^^) G C^^{'d,Mxg) be a sequence of solutions of i) 
with respect to a smooth family of almost complex structures Jt £ and to a 
smooth family of Hamiltonian functions Ht € Ham. If the energies are uniformly 
bounded, then there exists a sequence of gauge transformations g^ e H such 
that a subsequence of {gv)t:{uu,^v) converges in the Cf^^-topology to a smooth 
solution (u, ^) of the gradient equation 

Proof: Let (w^, 'I'^) G C^^{'C, M x g) be the extension of (li^, '^^) as in Re- 
mark We wiU prove the theorem in fom- steps. 

Step 1: For every compact subset K of C there exists a sequence of gauge 
transformations G C°°{K,G) such that 0)|i<- converges in the 

C°° -topology. 

Step 1 was proved in [CGMSI Theorem 3.4.]. The main ideas are the following. 
Let Ay '^ydt be the eonnection on the trivial G-bundle over C. By convexity 
Uy{K) is contained in a compact subset of M. The curvature of is given 
by F| = ds'^vds A dt. Hence the equation ds'^u + ^Ji{uu) = imphes that the 
curvature is uniformly bounded. Moreover, because of (H4) there is no bubbling 
and hence 

sup ||9sWiy|x||cx; < OO. 

V 

Step 1 follows now from a combination of Uhlenbecks compactness theorem, see 
[UhllWej . and the Compactness Theorem for the Cauchy-Riemann operator (see 
for example |MS2I Appendix B]). 

Step 2: There exists a sequence of gauge transformations g^ G C;'^^(C, G) 
such that a subsequence of {gy)^,(uy,'^ ^,0) converges in the C^^-topology . 

We use the fact that C can be exhausted by compact sets, C = UngN where 
Bn := {z G C : \z\ ^ n}. Let be the sequence of gauge transformations on 
En for n G N obtained in step 1. We show that we may assume that 

5"|b„_, -.9rV„_,, Vz^gN. (17) 

To prove H17|) we first observe that there exists ft." G C°°(i?„,G) such that 
ft," := (.9"^^)^^ ° 9u\b„ has a subsequence which converges in the G°°-topology 
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to ft". Hence there exists a sequence /i" which has a converging subsequence 
and satisfies 

''^^■"1 id zGB„+i\i?„. 
Now replace g""'""'^ by 5"^^ o ft", which satisfies ()17|l. Now define by 

Step 3: Tfte sequence of gauge transformations gy{s + it) G C;'^j,(C, G) m step 
2 may be chosen independent of s. 

We use an idea from j.TRSj . Denote the Umit of the sequence [gv)*[uiy, "^y^ 0) as 
V goes to infinity by (u, ^l, l>). Choose ft g C^ci'^, G) such that 

ft*$ = 0. 

Observe that 

hm {ds{ho g^)){ho g^)-'^) = Hm (ft o 5^)40) = ft*$ = 0. 

— ^00 f — >oo 

It follows that 9s (ft o gi^) converges to zero in the Cj^^^-topology. Now set 

gu{s,t) fto g^(0,t). 

Obviously, gn is independent of s. Moreover, since g^ o [h o g,^)~^ converges 
to the identity in the Cj'^^-topology, g,j satisfies the assumptions of step 2. We 
denote g^, by g^, as before. 



Step 4: We prove the theorem. 



We have to modify further our sequence of gauge transformations g^, such 
that they satisfy the boundary conditions. Because the energy of the sequence 
(ui,,^'^) is bounded, the energy of (w, Vl/)|e is bounded. Using the fact that 
finite energy solutions converge uniformly at the two ends of the strip, see |l''r2| . 
we conclude that fj.{u)(s,t) converges to zero as s goes to infinity uniformly in 
the t-variable. Since G acts freely on /i^^(O), there exists sq G K. such that 

Gu{so,o) — Gu(so.i) — {id}- 

Since by assumption u^{so,j) G Lj for j G {0, 1} it follows that u(so,j) G GLj. 
Now choose ft G C°°([0, 1],G) such that ft(0)M(so,0) G Lq and ft(l)M(so, 1) G ii. 
This is possible, because G is connected. Choose a sequence G C°°{[0, 1], G) 
converging to the identity satisfying 

(ft^(j) o ft(j) O5^(j))u^(so,j) G Lj, j G {0,1}. 
We can assume without loss of generality that 

Gu^(so.o) — Gu^{so,i) = {id} 
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for every v. By Lemma hi,{j) o h{j) o gi,{j) S Gl^ for j G {0,1}. In 
particular, 

{h^oho gv)uy{s,j) G Lj, j e {0, 1}. 

Hence h^,u{s,j) £ Lj for j G {0, 1}. By a similar procedure as above we may find 
a further sequence of gauge transformations G C°°([0, 1], G) which satisfy the 
following conditions. 

(i) K{j)(^Gl, for {0,1}, 

(ii) {K)*{gu)*K'^u{s,:i) e gf^ for every and j G {0, 1}, 

(iii) There exists h £ C°°([0, 1], G) such that converges as i' goes to infinity 
in the C°°-topology to h. 

Now set 

:= Koh^ohog^\[o,i] G C°°([0, 1], G). 
Moreover, using the assumption that ^iy(j) G g^. for j G {0, 1}, one calculates 

5^0) €Gl^, g-^dtg^^U) e Qi^, je{0,l}, 
and hence g,^ £ H. Set 

(m,*) := /i*/i*(u,«')|e. 
Now the theorem follows with g^, replaced by g^. □ 

4.4 Moduli spaces 

We assume that the Hamiltonian H G Ham has the property that the La- 
grangians (/)]j(Lo) and Li in the Marsden-Weinstein quotient intersect transver- 
sally. Under this assumption it can be shown, see |Fr2| . that finite energy so- 
lutions of the symplectic vortex equation H14|) are gauge equivalent to solutions 
which decay exponentially fast at the two ends of the strip. More precisely, de- 
fine for some small number S > and some smooth cutoff function /3 satisfying 
/3(s) = -1 if s < and f3{s) = 1 if s > 1 

75GG°°(R), s ^ e^'^^"'^' . 

For an open subset 5 C we define the || H^fc-norm for some smooth function 
/:^^Kby 

ll/llc| — Wis ■ fWc 

and denote 

GnS) :={/ eC^iS): < oo, V fc G N}. (18) 

We now introduce the Frechet manifold B = Bs a.s the set consisting of all w = 
(u, $) G G;'^^(e, M X g) X C^(e, g) which satisfy the following conditions: 
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(i) w maps {s,j) to Lj x g^. x gj^, for j G {0, 1} and s G R. 

(ii) There exists a critical point of the action functional (.ti,?7i) G crit(^), a 

real number Ti G M, and (6, V'l) e C|°((-oo, Ti] x [0, l],xlTM x g) such 
that 

(w,«')(s,t) = (exp,^(,)(a(s,i)),??iW+^i(s,t)), s< -Ti. 

(iii) There exists a critical point of the action functional {x2,J]2) G crit(^), a 
real number T2 G M, and (6,V'2) e ([Ta.oo) x [0, l],a;^TA/ x g) such 
that 

(w,*)(s,t) = (exp^^(,)(6(s,t)),»72(i) +V'2(s,i)). 

The theorem about exponential decay proved in jFr2| now tells us, that for 
6 > chosen small enough every finite energy solution of the symplectic vortex 
equations is gauge equivalent to an element in Bs- Moreover, one can prove that 
every solution of H14|) which lies in B5 has finite energy. 

In a similar vein we define the gauge group G = Gs consisting of gauge 
transformations g G Gioc which decay exponentially fast at the two ends of the 
strip to elements of Ho the connected component of the identity of the gauge 
group Ti.. Note that there are natural evaluation maps 

evi,ev2: idj ^ ^ -> 7ro(crit(^)) = (0]j(Zo)nZi) x 7ro(7^), 

induced by the maps w 1— *■ (2:1,771) and w h-> (x2,772). One can check that the 
energy of an element w G fi (I14|l l nB)/G is given by the difference of the actions 

E{w) A{evi{w)) - A{ev2{w)f. 

It can be shown, see |Fr2| that the linearization of the symplectic vortex equa- 
tions considered as an operator between suitable Banach spaces is a Fredholm 
operator. Moreover, using hypothesis (H3) it follows that the path space ^ de- 
fined in Hll|l is connected and simply connected. This implies that there exists 
a function 

/: 7ro(crit(y^)) ^ Z 

such that the Fredholm index of the linearized symplectic vortex equations at a 
point w G B/G is given by the difference /(evi(w)) — /(ev2(?i')). 

We can now introduce on 7ro(crit(^)) the following equivalence relation. We 
say that two connected components of crit(^) are equivalent if they project to 
the same intersection point of (P^^^Lq) D Li and the action functional A and 
the index / agree on them. We denote the set of such equivalence classes by 
= 'rf{A). For ci, C2 G we define the moduli space 

A^(ci, C2) := {w G ({Ha n B)/G : cvi(u;) G Ci, cv2(u;) G C2}. (19) 

^ Since the action functional is invariant under the action of Tio we denote by abuse of 
notation the function induced from the action functional on 7r()(crit(^)) also by J^. 



46 



Note that the moduh spaces depend on the choice of the almost complex struc- 
ture J € J, i.e. yVJ(ci,C2) = 7Wj(ci,C2). It is proved in |Fr2j that for generic 
choice of the almost complex structure the Fredholm operators obtained by lin- 
earizing the symplectic vortex equations arc surjectiv. In particular, the moduli 
spaces A^j(ci, C2) are smooth manifolds whose dimension is given by the differ- 
ence of the Fredholm indices of ci and C2 . 

Theorem 4.15 There exists a subset Jreg d of second category such that 
Mj{ci,C2) for every Ci,C2 S are smooth finite dimensional manifolds whose 
dimension is given by 

dim(Ai j(ci, C2)) = /(ci) - /(C2). 

The group R acts on A4{ci, C2) by timcshift We define the path space ^ by 

w{s, t) ^ w{s + r, t), r e M. 

If ci 7^ C2 then this action is free and the quotient A^(ci,C2)/M is again a 
manifold. Using the compactness result in Theorem 14.131 one can show as in 
1221 that the only obstruction to compactness of the spaces 7VJ(ci, C2) is breaking 
off of flow lines, see |Fr2| . 

4.5 A Novikov ring 

If ci, C2 G 7ro(crit(^)) and h E H then 

A{ci) - A{C2) = A{hci) - A{hc2), I{ci) - I{C2) = I{hci) - I{hc2) 

where / is the Fredholm-index introduced in the previous subsection. It follows 
that /(/ic)— /(c) caidA{hc)—A{c) is independent of the choice ofc e 7ro(crit(y^)). 
Hence we may define the maps 

I-H-n-^Z, En-.n^R, I{hc) - I{c), h^Aihc)~Aic) 

for some arbitrary c € 7ro(crit(,4)). One easily checks that these maps are group 
homomorphisms. Moreover they vanish on Ho, the connected component of the 
identity of H. For the special case where M = C", Lq = Li = R", and G acts 
on C" by a linear injective representation p one can show, see |Fr2| . that the 
index map /-^ is given by 

In{h) ^ dcgidctlipih))) 

for hen. 

Wc define 

r = ^ . 

ker I-H n ker E-h 

To the group F we associate the Novikov ring A = Ar whose elements are formal 
sums 

r = ^ r^7 
76r 
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with coefficients r-y £ Z2 which satisfy the finiteness condition 

#{7er:r^^0,S„(7)>4<cx3 
for every k > 0. The multiplication is given by 

7er ^ 7i,72er 

7l°72=7 



'71 '^72 I 7 



Since the coefficients are taken in a field, the Novikov ring is actually a field. 
The ring conies with a natural grading defined by 

deg(7) Inil) 

and we shall denote by the elements of degree k. Note in particular that Aq 
is a subficld of A. Moreover, the multiplication maps Aj x A/. ^ ^j+k- 

4.6 Definition of the homology 

We assume that H S Ham has the property that (/)^(Zo) and Li intersect 
transversally and J G jTreg = Sreg{H)^ i.e. the Fredholm operators obtained by 
linearizing the symplectic vortex equations are surjective. Recall 

~^>},(Zo)nZi)xr. (20) 



ker I-H n ker Eh 



We define the chain complex CF^{H, Lq, Li, n) as a module over the Novikov 
ring A. More precisely, CFk{H, Lq, Li, fi) are formal sums of the form 

c= E 

I(c)=k 

with Z2-coefficients satisfying the finiteness condition 

#{c : ^ 0, ^(c) > 4 < 00 (21) 

for every k > 0. The action of F on is the induced action of 7i on crit(^). 
The Novikov ring acts on CF^, by 



cG'i«'c'e'^,7'Gr 
7'c'— c 

CFk is invariant under the action of Aq. In particular, CFk which may be an 
infinite dimensional vector space over the field Z2 , is a finite dimensional vector 
space over the field Aq. 

Recall that for ci , C2 G the moduli space is defined by 

7W(ci,C2) {w e {^^f^B)|g : evi(w) e ci, ev2(-u;) € C2}. 
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Let T be the group 

^ ker I-i-i n ker E-h 
Ti.0 

where Ho is the connected component of the identity of H. Then T x K act on 
M by 

w{s) ^ g^,w{s + r), (5, r) G T x R 

and we define 

A^(C1,C2) 



Mici,C2) 



r X 



Assume that ci 7^ C2. Under this assumption T x R acts freely on A4{ci,C2) 
and since J G JJreg the moduh spaces are manifolds of dimension 

dim A^(ci, C2) = dim7W(ci, C2) - 1 = /(ci) - /(C2) - 1. 

Using the fact that the only obstruction to compactness for strips of finite 
energy is the breaking off phenomenon, which cannot happen in the case where 
the index equals zero, we conclude that for ci,C2 e with /(ci) — /(C2) = 1 
and K > we have 

J2 #X(ci,7C2) <oo. (22) 

Set 

n(ci, C2) := #7W(ci, C2) mod 2 
and define the boundary operator dk '■ CFk — > CFk-i as linear extension of 

dkC = ^ n(c, c')c' 

/(c') = fc-l 

for c S with /(c) = k. Note that (|22|l guarantees the finitencss condition 1)2 l|l 
for dkC. 

As in the standard theory (see [Schll ISch2l IHS| one shows that 
This gives rise to homology groups 

ker dk+i 



HFkiH,J,Lo,Li,fi;A) := 



imdh 



A standard argument (see |Schl| or |HHI) shows that HFk{H, J, , Lq, Li, fi; A) is 
actually independent of the regular pair {H, J) . Hence we set for some regular 
pair {H, J) 

HFkiLo, L^,ti; A) HFk{H, J, Lq, ^1, M; A). 

We call the graded A vector space HFf{Lo,Li,fj,;A) the moment Floer ho- 
mology. 
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4.7 Computation of the homology 

In this subsection we compute moment Floer homology for case where the two 
Lagrangians coincide, i.e. Lq = Li = L. We will see that in this case, the 
moment Floer homology equals the singular homology of the induced Lagrangian 
in the Marsden-Weinstein quotient L tensored with the Novikov ring introduced 
above. As a corollary we get a proof of the Arnold-Givental conjecture for L. 

Theorem 4.16 Assume that the two Lagrangians coincide, i.e. Lq = Li = L, 
then 

HF,{L,n;A) -.^ HF^L, L, fi; A) = HL4Z2) A. 

Corollary 4.17 The Arnold-Givental conjecture holds for L, i.e. under the 
transversality assumption L rtl (p^jjL, 

#{Ln4>},L)>Y,bk{L,Z2). 

k 

To prove Theorem 14.161 we consider the case where the Hamiltonian LI van- 
ishes. In this case the Lagrangians in the quotient L and 4']i{L) — L coincide. 
In particular, they do not intersect transversally but still cleanly, i.e. there in- 
tersection is still a manifold whose tangent space is given by the intersection of 
the two tangent spaces. This is the infinite dimensional analogon of a Morse- 
Bott situation. In our case the critical manifold can be identified with L x T. 
Following the approach explained in the appendix, we still can define the ho- 
mology in this case by choosing a Morse function on the critical manifold. To 
define the boundary operator one has to count flow lines with cascades. There 
is a natural splitting of the boundary operator into two parts. The first part 
takes account of the flow lines with zero cascades, i.e. Morse flow lines on the 
critical manifold, and the second part takes account of flow lines with at least 
one cascade. To prove the theorem we have to show that the second part of the 
boundary operator vanishes. Using the antisymplectic involution we construct 
successive involutions on the cascades which endowes the space of cascades with 
the structure of a space of Arnold-Givental type which admits the structure of 
a Kuranishi structure of stable Arnold-Givental type. Using this it follows that 
the second part of the boundary vanishes. 

We now define moment Floer homology for the case where the Hamiltonian 
H = 0. We think of TC{n~^{0) n L) as the critical manifold of the action 
functional ^ = .Aq of the unperturbed symplectic vortex equations. A Morse 
function on the induced Lagrangian in the Marsden-Weinstein quotient L = 
/i~^(0)/Gi will lift to a 7i- invariant Morse function on the critical manifold of 
A. 

We first describe the elements which are needed to define the chain complex. 
Choose a Riemannian metric g and a Morse-function / on L which satisfy the 
Morse-Smale condition, i.e. stable and unstable manifolds intersect transver- 
sally, and lift it to a G^-equi variant metric g and a GL-equivariant Morse- 
function / on fi''^{0) n L. Recall that for x G M and r] E g the linear map 
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Lx'-S^TxM was defined by 

exp(rri){x). 



ar 



Let ^0 = '^oif) be the set of smootli maps {x,ri) : [0, 1] M x q satisfying 

i{t) + L,^t)V{t) - 0, fi{x{t)) ^0,tG [0, 1], 

x{j) e crit(/), e gi, J e {0, 1}. 
Note tliat 7] is completely determined by x tlirough tlie formula 

where is the adjoint of with respect to the fixed invariant inner product 
on Q and the inner product oJxi', Jt{x)-) on Tx(t)M . Moreover, it follows from 
ProDOsition l4. Ill that there exists an element of the gauge group TL such that 



Denote 



Then the map 



x{t)=gx{t)x{0). 



^°-=^°(^)-= ker/.nkeri.. - ^''^ 



{x,ri) ^ (x{0),gx) 

defines a natural bijection 

'in = crit(/) X n 

and induces a bijection in the quotient 

% = ^^^xr^crit(/)xr. 

If ind/ is the Morse-index, then the index of a critical point c — {q, h) G is 
defined to be 

I{q,h) ■.= md}{'K{q))+In{h) 

for the canonical projection onto the Marsden-Weinstein quotient tt : 
M = /x~^(0)/G. We define the energy of a critical point by 

E{q,h) :=En{h). 

By abuse of notation we will also denote by / and E the induced index and the 
induced energy on the quotient "^o- 

We next introduce flow lines with cascades which are needed to define the 
boundary operator. 
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Definition 4.18 For ci = {qi,hi),C2 = ((72,^2) G '^0 and m eN a flow line 
from ci to C2 with m cascades 

V = ((Wfc)l<fc<m, (T'fc)l<fc<m-l) = 
1< < rn 7 (rfc)l<fc<m-l) 

consists of the triple of functions {uk,'i'k,^k) G C^^{Q,M x g) x C^(6,g) 
anc? the nonnegative real numbers Tk G M> := {r G R : ?' > 0} which have the 
following properties: 

(i) (itfc,5'fc,$fc) are nonconstant, finite energy solutions of {I4}) with Hamilto- 

nian equal to zero, i.e. 

dsUk +X,s,^{uk) + Jt{uk){dtUk + X^l,^{uk)) = 

d,^k - dt'S'k + + M(wfe) = (24) 

Uk{s,j)eL, $fe(s,j)eflL, *fc(s,j)e0f, 

where j € {0, 1}. 

(ii) There exist points pi G WJ{qi) andp2 G Wj{q2) such that Imis^^oa ui{s,t) ~ 

hi{t)pi and linis^oo t) = /i2(^)P2 uniformly in the t-variable. 

(iii) Fori < k < m— 1 there exist Morse-flow lines yk ■ (—00,00) /i~^(0)nL, 
i.e. solutions of 

Vk = -Vg/(yfc), 

and gk Ti. such that 

lim Uk{s,t) = gk{t)yk{0) 

s — >oo 

and 

lim Uk+i{s,t) ^ gk{t)yk{Tk), 

s — > — oo 

where the two limites are uniform in the t-variable. 

A flow line with zero cascades from ci = {qi,h) to C2 = (q-iih) is a tuple 
(y, h) where y is just an ordinary Morse flow line from qi to 52 • 

Recall from p. 1461 that the gauge group G eonsists of smooth maps from the 
strip to G, which satisfy appropriate boundary conditions and which decay 
exponentially. For m G N the group Qm consists of m-tuples 

g = (3fc)l<A:<m 

where gk G G, which have the additional property that they form a chain, i.e. 
ev2(gfc) = evi(gfe+i), 1 < fc < m - 1. 

^See 1181 for the definition of the space Cg°. 
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For m > 1 the group Qm x acts on the space of flow hncs with m cascades 
as follows 

(wfc,*fc,$fc)(s) ^ (gfc),K,*fc,$fe)(s + Sfc) 

for 1 < k < m and {gk, Sk) G x R. For m = the group y.^^ j J^y.^^ ^ x E acts 
on the space of flow lines with zero cascades by 

{y{s),h) {y{s + so),goh). 

For ci , C2 € ^0 we denote the quotient of flow lines with m cascades from ci to 
C2 for m e No by 

We define the space of flow lines with cascades from ci to C2 by 

A^(C1,C2):= y Alm(ci,C2). 

mSNo 

Using the transversality result for the symplectic vortex equations in |Fr2| . 
one proves in the same way as Thcorcm lA. 1 ll that the moduli spaces of flow lines 
with cascades are finite dimensional manifolds for generic choice of the almost 
complex structure. 

Theorem 4.19 For each pair of a Morse function f on L = (/i~^(0) n L)/Gl 
and a Riemannian metric g on L which satisfy the Morse-Smale condition, i.e. 
its stable and unstable manifolds intersect transversally, there exists a subset of 
the space of admissible families of almost complex structures 

\Jreg \Jreg^f^Q) ^ \J 

which is of the second category, i.e. J^reg is a countable intersection of open and 
dense subsets of J , and which is regular in the following sense. For any two 
critical points ci,C2 G "^o the space A4{ci,C2) = M.{ci,C2] J, f,g) is a smooth 
finite dimensional manifold. Its dimension is given by 

dim(Al(ci,C2)) = /(ci)-/(c2)-l. 

If I{ci) — I{c2) — 1 = 0, then A^(ci, C2) is compact and hence a finite set. 

We are now able to define moment Floer homology in the case where the 
Hamiltonian vanishes. Choose a triple (/, J) where / is a Morse function on 
L = {^^^{Q) n L)/Gl, g is a Riemannian metric on L, such that all the stable 
and unstable manifolds of (/, g) intersect transversally, and J € J^reg (/, g) ■ As 
in the transversal case we define the chain complex CFk{f, g, J, L, ^; A) as the 
Z2 vector space consisting of formal sums of the form 

e= E 

I{c)=k 
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with Z2-coe0icients satisfying the finiteness condition 

#{c : ^ 0, S(c) > 4 < oo 

for every k > 0. The Novikov ring A = Ar acts naturaUy on CF*. Defining the 
boundary operator dk '■ CFk CFk-i in the usual way, we obtain homology 
groups 

TIT? (f J T A^ ker^fc+i 

As in theorem lA. 171 one shows, that HF^{f,g,J,L,iJ,;A) is canonically isomor- 
phic to the moment Floer homology groups HF^:{L, n; A). 

To compute moment Floer homology we show that contribution of the cas- 
cades vanishes. To do that we endow the space of cascades with the structure 
of a space of Arnold-Givental type. Recall that S = dS{id) is the involution on 
the Lie algebra induced by the antisymplectic involution R. First note that R 
induces an involution i?, on the path space ^ by 

i?,(x,77)(t) (i?x-,-5(?7))(l-t). 

One easily checks that if c € "^q then c and i?,c represent the same element in 
■^o- Choose now an almost complex structure J ^ J which is independent of 
the i- variable and satisfies 

R*J = - J. 

If (u, 5*, $) is a cascade then one verifies that 

R,{u, $)(s, t) {Ru, -S{^), ^($))(s, 1 - t) 

is also a cascade. Moreover, one verifies that 

evj(i?4u,*,$)) =i?*evj(u,$,*), j e {0,1}. 

The following lemma shows us the relation between fixed gauge orbits of R^^ and 
fixpoints of i?*. 

Lemma 4.20 Assume that [u, $) is a cascade and g £ Qioc is a gauge trans- 
formation such that 

= .g4i?4M, *,$)). 
Then there exists h € Qioc such that 

= *,$)). (25) 

Proof: Choose h £ Qioc such that 

/i,$ = 0, lim /i,(w,*)(s,t) = (p,0) 

s — »oo 

where p £ L O fj,^^{0). Using the formula 
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we get 



= = {hg{Sh)~^),{0) = {hg{Sh)-^)-^d,{hg{Sh)-^) 

and hence hg(Sh)^^ is independent of s. Moreover, taking the Umit s — > (X) and 
recalhng p = Rp we have 

ihgiSh)-'){t)p = p. 
Since G acts freely on ^~^{0) wc obtain 

hg{Sh)-^ EE id 

and hence ft, is the required gauge transformation, i.e. (|25|l holds. □ 

Proof of Theorem 14. 161 In view of the Lemma 14.201 we can find in each 
fixed gauge orbit a fixed point. For fixed points we can define a sequence of 
involutions whose domain is the fixed point set of the previous one in the same 
way as for the pseudo-holomorphic disks in section [3 Using some equivariant 
version of Theorem l3.14l it follows that the space of cascades admits a Kuranishi 
structure of Arnold-Givental type. In particular, the only contribution to the 
boundary comes from the flow lines with zero cascades, i.e. the Morse-flow lines. 
This proves the theorem. □ 
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A Morse-Bott theory 



In this appendix wc define a homology for Morse-Bott functions. Using an idea 
of Piunikhin. Salamon and Schwarz, see |PSS| . we define Morse-Bott homol- 
ogy by counting flow lines with cascades. The homology is independent of the 
choice of the Morse-Bott function and hence isomorphic to the ordinary Morse 
homology. 

A.l Morse-Bott functions 

Let (M, g) be a Riemannian manifold. A smooth function / e C°° (M, M) is 
called Morse-Bott if 

crit(/) {x e M : df{x) = 0} 
is a submanifold of M and for each x G crit(/) we have 

r,crit(/) =ker(Hess(/)(x)). 

Example A.l Let AI = R'"' x M^-'i x M'^^. Write x = (ccq, xi, X2) according to 
the splitting of M . Then 

f{xo,Xl,X2) = x\ - x\ 
is a Morse-Bott function on M . 
Example A.2 Let AI = M. Then 

fix) = x^ 

is no Adorse-Bott function on AI . 

Theorem A. 3 Let [AI, g) he a compact Riemannian manifold and f a A/Iorse- 
Bott function on it. Let y : M. AI be a solution of 

m = -V/(y(s)). 

Then there exists x € crit(/) and positive constants 5 and c such that 

lim y{s) = a;, \y{s)\ < ce~*'*. 

s — ^00 

An analoguous result holds as s goes to —00. 

Remark A. 4 Without the Morse-Bott condition Theorem \A.3l will in general 
not hold. Let AI and f be as in Examvle \A.Sl Then 

1 

vis) ■■ 



/8s 

is a solution of the gradient equation which converges to the critical point as 
s goes to 00. But the convergence is not exponential. 
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Proof of Theorem IA.3t Since M is compact and crit(/) is normally hyper- 
bolic there exists x E crit(/) such that 

lim y{s) = X. 

s — *oo 

Set 

Ais) :=/(y(s))-/(.T). 
Then for some e > we have 

A{s)^^\yis)\^ = -\Vf{y{s)r<-eA{s). 

The last inequality follows from the Morse-Bott assumption. Hence there exists 
a constant cq > such that 

A{s) < coe"". 

This proves the theorem. □ 
A. 2 Flow lines with cascades 

Let (Af , g) be a compact Riemannian manifold, / a Morse-Bott function on 
M, go a Riemannian metric on crit(/), and h a Morse-function on crit(/). We 
assume that h satisfies the Morse-Smale condition, i.e. stable and unstable 
manifolds intersect transversally. For a critical point c on h let ind/(c) be the 
number of negative eigenvalues of Hess(/)(c) and ind;j(c) be the number of 
negative eigenvalues of Hess(/i)(c). We define 

Ind(c) := Ind/ji(c) ind/(c) -f- indh(c). 



Definition A. 5 For ci,C2 S crit(/i), and m G N a flow line from ci to C2 
with TO cascades 

(a;, T) = ((a;fe)i<fc<m, {tk)i<k<m~i) 

consists of Xk € C°°(R.,M) and tk G R> := {r G M : r > 0} which satisfy the 
following conditions: 

(i) Xk G C°°(R, A/) are nonconstant solutions of 

ik = -Vf{xk). 

(ii) There existsp G Wf^{ci) C crit(/) andq G M^;f(c2) such thatliins^~oo Xi{s) = 
p and lims^oo Xmis) = q. 

(iii) for 1 < fc < TO — 1 there are Morse-flow lines yk G C°°(M, crit(/)) of h, 
i.e. solutions of 

yk = -Wh{yk), 
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such that 



and 



lim Xfc(s) = ykiO) 



lim Xk+i{s) = yk{tk)- 



A flow line with zero cascades from ci to C2 is an ordinary Morse flow 
line of h on crit(/) from ci to C2- 



Xi 



-V/(xi) 



yi = -Vh{yi] 



3— 



A flow line with cascades 



Remark A. 6 In Definition XA . 51 we do not require that the Morse-flow lines are 
nonconstant. It may happen that a cascade converges to a critical point of h, 
hut the flow line will only remain for a finite time on the critical point. 

Wc denote the space of flow lines with m cascades from ci to C2 G crit(/i) by 

The group E acts by timeshift on the set of solutions connecting two critical 
points on the same level M.o{ci,C2) and the group M™ acts on M.m{ci,C2) by 
timeshift on each cascade, i.e. 

Xk[s) 1~> Xk{s + Sfe). 

We denote the quotient by 

A^m(ci,C2). 

We define the set of flow lines with cascades from ci to C2 by 

7W(C1,C2):= IJ M,n{ci,C2). 

Immediately from the gradient equation the following lemma follows. 
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Lemma A. 7 If f{ci) < /(C2) then M{ci,C2) is empty. If ,f{c{) = /(C2) then 
■M.{ci,C2) contains only flow lines with zero cascades. If f{ci) > /(C2) then 
A^(ci,C2) contains no flow line with zero cascades. 

A sequence of flow lines with cascades may break up in the limit into a 
connected cliain of flow lines with cascades. To deal with this phenomenon, we 
make the foUowing definitions. 

Definition A. 8 Let c,d E crit(ft,). A broken flow line with cascades from 
c to d 

= i^'j)i<j<e 

for i € N consists of flow lines with cascades Vj from Cj_i to Cj € crit(/i) for 
< J < ^ such that cq = c and ci = d. 




A broken flow line with cascades 

Definition A. 9 Assume that c,d £ crit(/i). Suppose that v'^ for e N is 
a sequence of flow lines with cascades which satisfies the following condition. 
There exists I'o G N such that for every 1/ > vq it holds that is a flow line 
with cascades from c to d. There are two cases. In the first case c and d lie on 
the same level and hence € C°°(]R, crit(/)) is a flow line with zero cascades 
for every v > vq, in the second case c and d lie on different levels and hence 

i) is a flow line with at least one cascade for 
every v > vq. We say that v'^ Floer-Gromov converges to a broken flow line 
with cascades v ~ {vj)i<j<i from c to d if the following holds. 

(a) In the first case, where the 's are flow lines with zero cascades for large 
enough v 's, all Vj 's are flow lines with zero cascades and there exists real 
numbers sj" for v > vq such that (sj := + sj") converges in 
the C^^-topology to Vj. 
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(b) In the second case, where the 's have at least one cascade for v large 
enough, we require the following conditions. 

(i) If Vj e C°°(M, crit(/)) is a flow line with zero cascades, then there 

exists a sequence of solutions G C°°(R, crit(/)) of y'^ = — V/i(?/^) 
converging in Cf^^ to Vj, a sequence of real numbers s^ , and a se- 
quence of integers k'^ G [l,m''] such that either linis^_oo a^^^^ (s) = 
or lim,_o, xl^ {s) = y^{s'^). 

(ii) // Vj is a flow line with at least one cascade, then we write Vj = 
iixij)i<i<m^,{ti^j)i<i<m^-i) e Mmj{cj-i,Cj) for uij > 1. We re- 
quire that there exist surjective maps 7"^ : [l,X]p=i"^p] ^ 

which are monotone increasing, i.e. 'y'^(Xi) < 7'^(A2) for Ai < A2, 
and real numbers for every A G [1, ™p]; such that 

where x\ — Xij such that A = X]p=i "^p + i- For A G [1, Yfp=i "^p" 1] 
we set 

^3 = Z]p=i rup + i, < i < ruj+i 
00 ^ = Ep=i "^p 

and 

^ I t-^w A = max{A' G [1, Ep=i m^, - 1] : 7''(A') = 7''(A)} 
I otherwise. 

Now we require, that 

lim rj;' = ta. 

-ffere we use i/ie convention that a sequence of real numbers con- 
verges to infinity, if for every n G N there exists a I'o^n) G N such 
that t'^ > n for v > t'o(«). 

Theorem A. 10 (Compactness) Let v" be a sequence of flow lines with cas- 
cades. Then there exists a subsequence v'^^ and a broken flow line with cascades 
V such that v'^^ Floer-Gromov converges to v. 

Proof: First assume that there exists a subsequence lyj such that v"^^ are flow 
Hues with zero cascades. In this case Floer-Gromov convergence to a broken 
flow line without cascades follows from the classical case, see |Schll Proposition 
2.35]. Otherwise pick a subsequence Vj of ly such that v'^^ are flow lines with 
at least one cascade. Since the number of critical points of h is finite, we can 
perhaps after passing over to a further subsequence assume that all the v'^^ are 
flow lines with cascades from a common critical point c of ft. to a common critical 
point d of h. Since the number of connected components of crit(/) is finite, we 
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can assume by passing to a further subsequence that the number of cascades 
m'^ = m is independent on v. 

For simphcity of notation we denote the subsequence i>j again by ly. We consider 
the sequence of points p" lims-,00 x'({s) G crit(/). Let y'' e C°°(K, crit(/)) 
be the unique solution of the problem 

ris) = ~Vhiy''{s)), 2/''(0)=p^ 

Note that for every ly 

lim y'^(s) = c. 

s — ^ — 00 

Using again [Schll Proposition 2.35] it follows that perhaps passing over to a 
subsequence (also denoted by ;/) there exists p g crit(/). a nonncgativc integer 
mo G N, and a sequence of Morse-flow lines vj G C°°(R, crit(/)) with respect to 
the gradient flow of h ioi 1 < j < mo such that the following holds. 

(i) lim^^oo P" = P, 

(ii) If mo = 0, then p G WJ^ic), 

(iii) If mo > 1, then 

lim vi{s) ~ c, 

lim Vj{s) = lim Uo-|_i(s), 1 < J < mo — 1, 

p e W'li { lim Vraois)). 

s — >oo 



Using induction on e [l,m], where m is the number of cascades of each v'^, 
the following claim follows as [Schll Proposition 2.35]. 

Claim: There exist a subsequence of v (still denoted hy v), a nonnegative 
integer G No, a positive integer £^ G N, a broken flow line with cascades 
— (vj)i^j^ii from c to some critical point of h, a sequence of cascades 
g C°°(^^M) for 1 < k < i.e. of nonconstant solutions of the ordinary 
differential equation = — V/(x^), and a sequence of nonnegative real number 
for 1 < A: < £^ — 1 such that the following conditions are satisfied. 

(i) Ift]^ = 0, then\i\TLs^-oQXi{s) € W^{c), otherwise\iTas-,-oQXi{s) € M^,"(c^), 

(ii) Forl<k<el-l there are Morse-flow lines y'^ e C°°(R, crit(/)) of h, 

such that 

lim x'^is) = y^(0), lim a;^+i(s) = y^itk), 

s — >oo s — ' — 00 



(iii) Ifvj G C°°(K, crit(/)) is a flow line with zero cascades, then there exists a 
sequence of solutions yf G C°°(R, crit(/)) o/yj = — Vh(y^) converging in 
^loc ^'^ ^i' sequence of real numbers sj", and an integer k £ such 
that lims__oo a;fe(s) = V'jis'i)- 
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(iv) // Vj is a flow line with at least one cascade, then we are able to write 

^3 = ((2^ij)l<i<m,, (ii,i)l<i<7ri,-l) € 7W,„^ (c-,„ i , ) foriTlj > 1. We 

(I 

require that there exists a surjective map 7^: [l,X]p=i™p + ~^ i^^lAi 
which is monotone increasing, i.e. 7;^(Ai) < jfj,{X2) for Ai < A2, and real 

numbers for every A G [1, "^p + ^^]' smc/i i/iai 

(sA)*a;7-(A)(-) = a;y-.(A)(- + Sa) a;A 



or XX = a:^ for A G "ip + 1, ^^li mp + i^]. For A € 



where xx = Xij if X = X]p=i "^p + * < J < ffl?id < * < "^-j ~ 1, 
foi 

1 rrip 



^ J A - max{A' e [1, Ep'=i + _ 1] ; ^-(A') = ^-(A)} 

[ otherwise. 

We require, that 

lim rj^ = TA. 

f — ►oo 

(v) lim^^oo linis-»oo x'^is) exists and equals lhns—>oo (s). 

Given the claim for /i = to, the Theorem follows now by applying |Schll 
Proposition 2.35] again. □ 

Theorem A. 11 Let ci,C2 G crit(/i). For generic choice of the Riemannian 
metric g of M the space (01,02) is a smooth finite dimensional manifold. Its 
dimension is given by 

dim A^(ci, C2) = ind(ci) — ind(c2) — 1. 

J/Ind(ci) — Ind(c2) = 1 then M.(ci, C2) is compact and hence a finite set. 

The rest of this subsection is devoted to the proof of Theorem I A. Ill Choose 
< 5 < min({|A| : A e a(}icss{f){x)) \ {0},x e crit(/)}. For a smooth cutoff 
function (3 such that /3(s) = — 1 if s < and /3(s) = 1 if s > 1 define 

75:M^M, s^e^^^'^"". 
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Let O be an open subset of R. We define the 1 1 | \k,p,s-^OTm for a locally integrable 
function / : O — > K with weak derivatives up to order k by 

i=0 

We denote 

w^-^in) := {/ e w'^'Pin) : \\f\\k,p,5 < (X)} - {/ G w'^^pin) ^sf G W'^m- 

We also set 
Let 

Th{t) e Diff(crit(/)) 

be the smooth family of diffcomorphisms which assigns to p G crit(/) the point 
Xp{t) where Xp is the unique flow line of h with Xp{0) = p. We define 

as the Banach manifold consisting of all tuples v = {{xj)i<j<„i, (ii)i<i<Tn-i) G 
{Wl^P{R, M))™ X K™"i where M+ := {r € M : r > 0} and m e N which satisfy 
the following conditions: 

(Asympotic behaviour) For 1 < j < m there exists Pj,qj G crit(/), ^ij G 
Wg'P{{-oo,T],Tp^M), ^2,j G Wg'P{[T,oo),Tq^M) for T e M such that 

x-iis) =expp^{^ij{s)), s<-T, Xj{s) =expg^{^2,jis)), s > T, 

where cxp is taken with respect to the Ricmannian metric g of M . 

(Connectedness) pj+i ~ Th{tj)qj for 1 < j < m — 1. 

To define local charts on B choose v = {{xj)i<j<m, {tj)i<j<m-i) G B such that 
all the Xj for 1 < j < m arc smooth and define a neighbourhood of w in S via 
the exponential map of 17 ^. There arc two natural smooth evaluation maps 

evi,ev2 : S ^ crit(/), evi(z;)=pi, ev2(w) = 

After choosing cutoff functions and smooth trivializations Xpj Xqj of TM 
near pj respectively qj the tangent space of i3 at can naturally be identified 
with tuples 

C = ((0,0,Cj,l,0,2)l<j<m, (T,-)l<j<m-l) G 

m 

^{W^'P{R,x*TM) X rp^crit(/) x r,xrit(/)) x M""! 

j^i 

*Note that the difFerentiable structure of B is independent of the metric g on M 
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which satisfy 

dr,(t,)C,- 2 + l(r^(0)q,)Tj = 1 < J < m - 1. (26) 

TyB is a Banach space with norm 

m m — 1 

IICII := Edl^^-.olli-P^^ + |IO,ill + 11^211) + E l^^l (27) 
Let f be the Banachbundlc over B whose fiber at w S S is given by 

rn 

£v :=0L?(R,x*TAf). 

Set 

M Jc--i(O) 

where 

T:B^£, u (ifc + V/(.Tfe))i<fc<,„. 

Where V ~ Vg is the Levi-Civita connection of the Riemannian metric g on M. 
Note that T ^ Tg depends on g. Let 

be the vertical diff'erential of at w G JF^^(O). If p G crit(/) denote by 
dinip crit(/) the local dimension of crit(/) at -p. Note that it follows from the 
Morse-Bott condition that dimp crit(/) equals the dimension of the kernel of 
Hess(/)(p). Then we have 

Lemma A. 12 is a Fredholm- operator of index 

ind(£'„) = ind/(cvi(w)) + dimovi(i,) crit(/) - ind/(ev2(w)) + m - 1, 
where m = m{v) is the number of cascades. 
Proof: For 1 < < m let 

Dvj ■■ Wg-P{M.,x*TM) ^ LP{M.,x*TM) 

be the restriction of Dy to Wg'''{R,x*TM). It suffices to show, that Dyj is a 
Fredholm-operator of index 

ind{Dyj) = mdf{pj) - ind/(q_,) - dim,^. crit(/). 

Write 
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Then 

Ai -.^ lim A(s) = Hess(/)(po), ^2 := lim A(s) = Hess(/)((7,,). 

s-^ — oo s—^oo 

Define the continuous isomorphisms 
Define 

: W'^'P{R,x*TM) LP{R,x*TM) 

by 

:= (l)iDy(j)2 ■ 

Dy is exactly a Fredholm-opcrator if Dy is a Frcdholm-operator. In this case 

ind(i:'i,) = md{Dy). 
For ^ G W^^P{R,x*TM) we calculate 

= + (Ais) + 5{(3{s) + a,,/3(5)s)id)e 
Hence Dy is given by 

Dy = ds + B{s) 

where 

B(s) = ^(.s) + 6{(3{s) + dsf3is)s)id. 

Let 

Bj-.^Aj + i-iyS, .?e{l,2}. 

Then 

lim B{s) = El, lim B{s) = B2 

s — ^ — 00 s — ^00 

and the Bj are invertible by our choice oi 5. If p = 2 then it follows from |RS1| 
that Dy is a Fredholm-operator of the required index. For general p the lemma 
follows from |S2| . See also |Sch2| . for an alternative proof. □ 

For n g N we define the evaluation maps 

EV„ : .M" ^ crit(/)" x crit(/)" ^ crit(/)2", 
(wi, ...,Vn)^ (evi(uj)i<j<„,ev2(uj)i<j<„), 

where = JF^^(O) as introduced above. For critical points ci,C2 of h we 
define A„(ci,C2) to be the submanifold of crit(/)" x crit(/)" consisting of all 
tuples ((Pj)i<j<ri, ('7j)i<i<r,) e crit(/)" x crit(/)" such that pi e W^{ci), qn e 
W^(c2), and pj+i = qj for 1 < j < n — 1. We shall prove the following theorem. 
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Theorem A. 13 For generic Riemannian metric g on M the set M has the 

structure of a finite dimensional manifold. Its local dimension 

dim„ = indDy = ind/(evi(v))+dimovi(-u) crit(/) — ind/(ev2('y))+TO— 1, (28) 

where m — m{v) is the number of cascades. Moreover, for every n G N and for 
every ci,C2 G crit(/i) the evaluation maps EV„ intersects A„(ci,C2) transver- 
sally. 

Definition A. 14 Assume that f is Morse-Bott function on a compact mani- 
fold M, h is a Morse-function on crit(/), and go is a Riemannian metric on 
crit(/), such that h and go satisfy the Morse-Smale condition, i.e. stable and 
unstable manifolds of the gradient flow ofh with respect to go on crit(/) intersect 
transver sally. We say that a Riemannian metric g on M is (f , h, go) -regular 
if it satisfies the conditions of Theorem \A.13l 

Proof of Theorem IA.131 For a positive integer £ let TZ^ be the Banach 
manifold of Riemannian metrics on M of class . Let 

J'-.n'^ xB^£ 

be defined by 

T{g, v) = (ifc + Vgf{xk))i<k<vi = [ik + 9^^df{xk))i<k<m, 
where g~^ : T*M — * TM is defined as the inverse of the map defined by 

g(VJ,.)=d/(.). 
We will prove that the universal moduli space 

:= {{v, g) eBxU'^ : T{v, g) = 0} 
is a separable manifold of class . To show that, we have to verify that 

D,,g : TyB X TgTZ^ ^ £, 

given by 

L»„,g(C,^) = (5,a- + Vc,V/(2;fc))i<fe<„, -(g-iA<?-id/(xfc))i<fc<„, 
= D^C - {9^^^9^^df{xk))i<k<ni 

is onto for every {v,g) G . Here V^^. is the Levi-Civita connection of the 
metric g. 

The tangent space of 7?.^ at g £ TZ^ consists of all symmetric C^-sections 
from M to T*M x T*M. Since Dy is a Fredholm operator, it has a closed range 
and a finite dimensional cokernel. Hence Dy^g has a closed range and a finite 
dimensional cokernel and it only remains to prove that its range is dense. To 
see this, let 

m 

V G i^vT = L'L.iR, x*TM), - + - - 1, 
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such that 77 vanishes on the range of D^ g, i.e. 



{VjAD.<:Ws = (29) 

for every ( ^ TyB and 

rn „ 

^ / {r,,,g-'Ag-'dfix,))ds = (30) 

for every A G TgTif- . It follows from (|29|l that r^j is continuously diffcrentiable 
for 1 < j < m. Now (I30|) implies that -q vanishes identically. This proves that 
Dy^g is onto for every {v,g) G . Now it follows from the implicit function 
theorem that is a Banach-manifold. 
The differential dir^ of the projection 

ir'-.U'^n', {v,g)^g 

at a point {v,g) G is just the projection 

dn'iv, g) : T^.^g^U' ^ ^<,7^^ (C, A) ^ A. 

The kernel of dir^iv, g) is isomorphic to the kernel of D„. Its image consists of all 
A such that {g^^^ Ag^"^ df {xk))i<k<m £ imZ3„. Moreover, Ymd'K^{v,g) is a closed 
subspace of TgTZ^, and, since D^ g is onto, it has the same (finite) codimension 
as the image of Dy. Hence dTT^{v, g) is a Frcdholm operator of the same index as 
Dy^g. In particular, the projection tt^ is a Fredholm map and it follows from the 
Sard-Smale theorem that for £ sufficiently large, the set TZ^^g of regular values 
of TT^ is dense in TZ^ . Note that g G TZ^ is a regular value of tt^ exactly if Dy is 
surjective for every v £ JF~^(0). Here JFg = !F{-,g). 

For c > let C be the set of pairs {v, g) G U''' such that 

Psa;j(s)|| < ce^l^'l/^ 1 < j < m, < tfe < c, l<j<m-l. 

The space 

^^■^(g) ■.= {v:{v,g)£U'^^} 

is compact for every g. Indeed, the uniform exponential decay prevents the 
cascades from breaking up into several pieces. It follows that the set 7?.fgg 
consisting of all g G TZ^ such that Dy is onto for all {v, g) G A^^'^(g) is open and 
dense in TZ^ . Hence the set 

'^reg ■ '^reg ' ' 

is dense in TZ^ with respect to the C^-topology. Here TZ = 7?.°° denotes the 
Frechet manifold of smooth metrics on M. Since this holds for every £ if follows 
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that TZ'^''^ is dense in TZ with respect to the C°°-topology. Using compactness 
again one obtains that TZ'^^g is also C°°-open. It foUows that the set 

7? — n 7?°°'= 

c6N 

is a countable intersection of open and dense subsets of TZ. 

To prove that the evaluation maps EV„ intersect j4„(ci, C2) transversally for 
generic we show that the evaluation maps evj : crit(/) for j G {1,2} 

are submersive. Let (f,g) G and ^ S Tcvj (t).g)Ci'it(/)- We have to show that 
there exists (C, ^) G kerD^^^ such that 

d(ev,)(«,5)(C,^)=e (31) 
Choose some arbitrary (^o, ^0) € TyB x TgT?.^ such that 

d(evj)(f,5)(Co,^o) = e 

In the same way as one proved that 13u,g is surjective one can also show that 
already D^^g restricted to {C G T^B : d{evj)(^ = 0} x TgTZ^ is surjective. Hence 
there exist (Ci,^i) S T^B x TgTZ^ such that 

A,,3(C0,^0) =-D,,3(Cl,^l) 

and 

d(ev,)(t;,g)(Ci,^i) =0. 

Now set 

(C,^) := (Co -Ci, ^0-^1). 

Then (C, A) lies in the kernel of Dy g and satisfies ()31|l . This proves the theorem. 
□ 

For ci,C2 G crit(/i) C crit(/) define 

M-{c,) {veM:cv,iv)eW^{c,)}, 
M+{C2) := {w e 7W : ev2(w) € l^^"(c2)}, 
7W(ci,C2) := 7W^(ci)n7W+(c2). 

Immediately from Theorem I A . 1 31 the following Corollary follows. 

Corollary A. 15 For generic Riemannian metric g on M the spaces Mu{ci), 
M.s{c2), and M{ci,C2) are finite dimensional manifolds. Its local dimensions 
are 

dim„A^~(ci) = Ind(ci) — indy (ev2(w)) + m — 1 
dimt, M^{c2) = ind/(cvi(w)) + dimovi(i,) crit(/) — Ind(c2) + m — 1 
dim.u A^(ci, C2) = Ind(ci) — Ind(c2) + TO — 1. 
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It follows from the Corollary above that for generic Riemannian metric g the 
moduli space of flow lines with cascades M{ci,C2) is a manifold of dimension 
Ind(ci)— ind(c2)— 1 in a neighbourhood of an element v = {{xj)i<j<ni, (ij)i<j<m-i) 
all of whose tj > 0. It remains to consider the case where some of the tj's are 
zero. In a neighbourhood of such an element the number of cascades may vary 
and we need a gluing theorem to parametrise such a neighbourhood. 

In view of the transvcrsality. the subspacc B{ci, C2) of B for ci, C2 € crit(ft,) 
defined by 

B{ci,C2) := {veB: eYi{v) € W'l^ici), eY2{v) € W^ic2)} 

is actually a submanifold. Recall that the evaluation map EV„ : — > crit(/)^" 
wasdefinedbyEV„(ui,- • • ,Vn) 1-^ (evi(i'j)i<j<„, ev2(?;j)i<j<„) and A„(ci, ca) C 
crit(/)^" was defined as the subspace of all tuples {{Pj)i<j<n,{qj)i<j<n) G 
crit(/)2" satisfying pi £ M^^(ci), g„ S W,^(c2), and pj+i = pj for 1 < j < n - 1. 
We next define for T large enough the pregluing map 

#" :EV,;i(A„(ci,C2)) X (r,oor-i ^6(ci,C2). 



The pregluing map 



LetV= {Vk)l<k<n = iixk,j)l<j<mkAtk,j)l<j<mk-l))l<k<n G EV„ ^ ( A„ (ci , C2) ) 

and R = {Rj)i<j<n-i e (T, oo)"~^ For 1 <p<n and 



y^mfc-p + 2<z<y^TOfc~p+l 



set 



For 



k=l 



p-1 



k=l 



Si := t, 



y^mfc-p + 2<z<y^mfc-p+l 



fc=i 
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put 

Define in addition 

yi ■= Xi^i, UY^i-^^jrik-n+l '■= Xn,m.^- 

Recall that Xp^rnp{s) converges as s goes to oo to ev2(wp) and Xp+i^i{s) converges 
as s goes to — oo to ev2(wp) as well. In particular, it follows that there exist 
^p{s),ilp{s) e ^^^^(^p)^^ such that a;p,™p(s) = cxpg^^(^^) (^p(s)) for large negative 
s and Xp+i^i{s) ~ c:xjp^^^(^^^^(r]p(s)) for large positive s For 1 < p < n — 1 and 

p 

i = TOfc - p + 1 
fc=i 

put 
where 

Xp,„ipis + Rp), s<-i?p/2-l, 
exp,,^(„^)(/3(-s - Rp/2)^p{s + Rp)), -Rp/2 -l<s< ^Rp/2, 

ev2(wp), -Rp/2 <s< Rp/2, 

cxPev, - Rp/2)U^ - Rp)), Rp/2 < s < Rp/2 + 1, 
Xp+isis-Rp), s>Rp/2 + l. 

Here /3 : R — > [0, 1] is a cutoff function equal to 1 for s > 1 and equal to for 
s < 0. We abbreviate for the number of cascades of the image of the pregluing 
map #° 



£ — irik — n + 1 . 



k=l 



Then we define 



Vr := #°(v,R) := {{yi)i<i<i, {si)i<i<e-i)- 



v'^ will in general only lie "close" to M. We will next construct G in 
a small neighbourhood of v^^. It can be shown that there exists a Riemannian 
metric g on M such that crit(/), Wf^{ci), and Wjl{c2) are totally geodesic with 
respect to g. For C S Tu;B(ci, C2) let 

be the parallel transport along the path t > exp^(rC) for t € [0, 1]. Define 
:r.g(ci,C2)^ C ^ ^(1-, C)"'^(cxp,„(C)). 

^We denote the restriction of £ to t3{ci, C2) also by £. 
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Note that 

DF^{0) ^ DT[v). 
For large i? G R and i G No define 7^-^^ : R K by 

r .^r {\-p[-s]Yts{s + R)+p{s)ls{s-R) l>\ 
■ \ (l-l3[-s-R])-is{s + R)^l3{s^R)-is{s-R) z = 

Here /? is a smooth cutoff function which equals for s < — 1 and equals 1 for 
s > 0. For a locally integrable real valued function / : M ^ M which has weak 
derivatives up to order k we define the norms 



k,p,5,R 



HrIWp k = 

EloH.Rd'f\\p+\\fm\ k>0. 



The II ||fc,p,5,_R-norm is equivalent to the || | |fc_p_i--norm, but their ratio diverges 
as R goes to infinity. For 1 < i < i set 



R' 



* = J2k=i mk - q + l 
else 



We modify the Banachspace norm (|27|l on T„o^S(ci, C2) in the following way. 
For C S TyO B{ci,C2) we define 



IICIIr + ll^ill + II42II) + E l*^: 

Analoguously, we define for rj G £yO^ the norm 

e 

MIr ■■= ^\\r]j\\p,sM^. 

j=i 

These norms were introduced in jFOOOl Section 18] and are required to guar- 
antee the uniformity of the constant c in (|34|l below. Abbreviate 

:= DF.ojO) = D,o^. 

Recall that Rj > T for 1 < j < n — 1. It is shown in |Schll Chapter 2.5] that 
if T is large enough then there exists a constant c > independent of R and a 
right inverse Qr of Dr, i.e. 

DroQ^= id, (32) 

such that 

irnQR = ker(i^R)^ (33) 

and 

||QR»7llR<c||r?||R, (34) 
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for every rj G f^o^. Moreover, it follows from the construction of the pregluing 
map that there exist constants cq > and k > such that 

||f^<(0)||R<coe-''lli^ll. (35) 

Now (|32|) . H34|) . (|35|) together with the Banach Fixpoint theorem imply 

that for ||R|| large enough there exists a constant c > and a unique ^r, := 
■Cv.R € ker(DR.)-'- such that 

F,oJU) = 0, ||eR||R<c||F,^(0)||. (36) 

For details see |Schll Chapter 2.5]. Let J7(v) be a small neighbourhood of v in 
EV^^(A„(ci, C2)). Define the gluing map 

# : (7(v) X (r,oo)"-i ^^(ci,C2) 

by 

#(w,R) := exp„o^(^w,R)- 

Let 

Then acts on C/(v) by timcshift on each cascade of the first factor. The 
gluing map induces a map 

# : (C/(v)/R^) X (r,oo)"-i ^A^(ci,C2) 

which is an embedding for T large enough. 

Proof of Theorem lA. Ill For to e N let N,„ ;= {1, . . . , to}. For / C N,„_i let 

Mrn,l{ci,C2) C M 

be the set of flow lines with cascades ((a;A;)i<fe<m, (iA:)i<fc<Tn-i) in A4m{ci, C2) 
such that 

tk>0 if fc e /, tk = if fc ^ /. 

It follows from Theorem EH that for generic Riemannian metric g on M the 
space A^m,7(ci,C2) is a smooth manifold. Note that 

A^m(ci,C2)= IJ M,n,l{ci,C2) 

-rcN„_i 

and 

int7W„i(ci,C2) = MmM^-iici,C2). 
It follows from (|2HJ in Theorem EEl that 

dim7W„i,N„_i(ci, C2) = Ind(ci) - Ind(c2) - 1. 
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In particular, A^m(ci,C2) has for generic g the structure of a manifold with 
corners of dimension Ind(ci) — Ind(c2) — 1. We put for n S N 

M<n:= [j M„,ici,C2). 

1 < m < n 

We show by induction on n that for generic g the set M.<n{ci, C2) can be en- 
dowed with the structure of a manifold of dimension Ind(ci) — Ind(c2) — 1. This 
is clear for n = 1. It follows from gluing that A^<„(ci, C2) can be compactificd 
to a manifold with corners A^<„(ci, C2) such that 

9A^<„(C1,C2) = IJ Mn+ljici,C2) ^ dMn+lici,C2). 

-fCN„ 

Hence 

M<n+l{ci,C2) = M<n{ci,C2) U 7W„+i(ci, C2) 

can be endowed with the structure of a manifold such that 

dimAl<„+i(ci,C2) = dimA^<„(ci,C2) = Ind(ci) - Ind(c2) - 1. 
This proves the theorem. □ 

A. 3 Morse-Bott homology 

We assume in this subsection that M is a compact manifold. 

Definition A. 16 We say that a quadruple (/, /i, 5, 50) consisting of a Morse- 
Bott function f on M a Morse function h on crit(/), a Riemannian metric 
g on M and a Riemannian metric go on crit(/) is a regular Morse-Bott 
quadruple if the following conditions hold. 

(i) h and go satisfy the Morse-Smale condition, i.e. stable and unstable mani- 

folds of the gradient of h with respect to go on crit(/) intersect transver- 
sally. 

(ii) g is {f, h, go)-regular, in the sense of Definition \A.74\ 

Since the Morse-Smale condition is generic, see |Schll Chapter 2.3], it follows 
from Theorem IA.13I that regular Morse-Bott quadruples exist in abundance. 
In particular, every pair (/, g) consisting of a Morse function f on M and a 
Riemannian metric g on M which satisfy the Morse-Smale condition gives a 
regular Morse-Bott quadruple. 

For a pair (/, h) consisting of a Morse-Bott function f on M and a Morse- 
function h on crit(/), we define the chain complex CM^{M; f,h) as the Z2 
vector space generated by the critical points of h which is graded by the index. 
More precisely, CMi;{M] f, h) are formal sums of the form 

^= E 

cGcrit(^) 
ind(c)— A; 
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with S Z2. For generic pairs {g,go) of a Riemannian metric g on M and a 
Riemannian metric go on crit(/), the moduh-spaces of of flow hncs with cascades 
■M.{ci, C2) is a smooth manifold of dimension 

dim A^(ci, C2) — ind(ci) — ind(c2) — 1. 
If dim A^(ci, C2) equals 0, then A4{ci,C2) is compact by Theorem lA. 101 Set 

n(ci,C2) := #M{ci,C2) mod 2. 
We define a boundary operator 

dk : CMkiM; f, h) ^ CMfe_i(M; /, h) 
by Unear extension of 

dkC = ^ n(c, c')c' 

ind(c') — fc — 1 

for c S crit(/i) with ind(c) = k. The usual gluing and compactness arguments 
imply that 

52 = 0. 

This gives rise to homology groups 

ker9fc+i 



HMkiM;f,h,g,go) 



Theorem A.17 Let , h'' , g'' , gg) and {f , hf^ , g^ , gi^) be two regular quadru- 
pels. Then the homologies HAU{M\ f°',h°',g", gg) and HM^M; f>^, , g^) 
are naturally isomorphic. 

Proof: Pick some ^ G N and choose for 1 < k < £ smooth functions fk G 
C°°(R X M, R and smooth famihes of Riemannian metrics gk,s on TM with 
/fc(s,-) and gk^s independent of s for \s\ > T for some large enough constant 
T > such that 

/i(-r) = r, MT) = f, fk{T) = fk+i{-T), l<k<£^l 

and 

,9i-T = 5": gLT = g'^, gk^T = gk+i-T, I < k < £ - 1. 

We assume further that fk{T) is Morse-Bott for 1 < fc < £ - 1. For 2 < fc < ^ 
let rk G K> be nonnegative real numbers. Choose smooth Morse functions 
hi G C°°((-oo,0] X crit(/"),]R), hi+i G C°°([0,(X)) x crit(/'3), M), and hk G 
C°°([0,rfc] X crit(/fc+i(r)) and smooth families of Riemannian metrics 5o,i.s on 
crit(/") for s G (— oo,0] and go.^+i.s on crit(/'^) for s G [0,oo) and go,k,s on 
crit(/fc+i(T)) for s G [0, r^]. They are required to fulfill 

hi{s) = h", gos,s = go, s < -T, 
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hi+i{s) = h'^, go,e+i,s = Qq, s > T. 

For ci € crit(/i"), C2 £ crit(/i'^), mi,m2 £ No we consider the following flow 
lines from ci to C2 with m = toi + m2 + £ cascades 

(x, T) = {{Xk)l<k<m,{tk)l<k<7n-l) 

for Xfc e C°°(M, M) and tfc e K> := {r G M : r > 0} which satisfy the following 
conditions: 

(i) Xk are nonconstant solutions of 

ife(s) -~^gk,sfk{s,Xk), 

where 

/" 1 < fc < mi 

/fc = "( /fe-mi mi + l< k <mi+e 
■mi+£+l<k<m 

h ^ { 9k-mi mi + l<fc<mi + l + £ 
g'^ mi + ^+ l<fc<m. 

(ii) There exists pi £ W^c (ci) and p2 G M^,*^ (C2) such that lims^_oo xi{s) ~ pi 

and lims_^oo x^is) = P2- 



and 



and 



(iii) denote 

/i" 1 < fc < mi - 1 

^fe = { hk-mi+i mi < fc < mi + ^ - 1 
mi+£<k<m-l 

9o 1 < fc < mi - 1 

goM = { 9a,k-mi+i mi < fc < mi + 1 + ^- 1 

JTll + £<fc<'7l— 1. 

For 1 < fc < m — 1 there are Morse-flow lines yk of h. i.e. solutions of 

yk{s) = -Wf^^^^ Kk{s,yk), 

such that 

lim a::fc(s) = ?;(0) 

s — ^00 

and 

lim Xk+i{s) = y{tk). 

(iv) ife+mi-i = rfe for 2 < fc < 
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For generic choice of the data the space of solutions of (i) to (iv) is a smooth 
manifold whose dimension is given by the difference of the indices of ci and ci . 
If /(ci) ^ lie-}) then this manifold is compact and we denote by n(ci, C2) £ 1-2. 
its cardinality modulo 2. We define a map 

^""^ ■ CA4^{M; /i") -> CM^M; f^, h^) 

by linear extension of 

c'Gcrit(/i'') 
ind(c')— iiid(c) 

where c € crit(/"). Standard arguments, see [Schll Chapter 4.1.3], show that 
4>"'^ induces isomorphisms on homologies 

: HM4M;r,h^,g",g^) ^ HKU{M- ff' ,hP ,g^^) 

which satisfy 

This proves the theorem. □ 
Theorem lA. 1 71 allows us to define the Morse-Bott homology of M by 

HM,{M) -.^HKUM-f^h.g.go) 

for some regular quadruple (/, h,g,go). Either for the special case of a Morse 
function or the case where / vanishes identically one obtains that Morse-Bott 
homology is isomorphic to Morse homology. Hence we have proved the following 
Corollary. 

Corollary A. 18 Morse-Bott homology of a compact manifold M is isomorphic 
to the Morse-homology of M and hence also to the singular homology of M . 
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